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SPECIAL LAGRANGIAN WEBBING
JAKE P. SOLOMON AND AMITAI M. YUVAL
Abstract. We construct families of imaginary special Lagrangian cylinders
near transverse Maslov index 0 or n intersection points of positive Lagrangian
submanifolds in a general Calabi-Yau manifold. Hence, we obtain geodesics of
open positive Lagrangian submanifolds near such intersection points. More-
over, this result is a first step toward the non-perturbative construction of
geodesics of closed positive Lagrangian submanifolds. Also, we introduce a
method for proving C1,1 regularity of geodesics of positive Lagrangians at the
non-smooth locus. This method is used to show that C1,1 geodesics of positive
Lagrangian spheres persist under small perturbations of endpoints, improving
the regularity of a previous result of the authors. In particular, we obtain the
first examples of C1,1 solutions to the positive Lagrangian geodesic equation
in arbitrary dimension that are not invariant under isometries. Along the way,
we study geodesics of positive Lagrangian linear subspaces in a complex vector
space, and prove an a priori existence result in the case of Maslov index 0 or n.
Throughout the paper, the cylindrical transform introduced in previous work
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2 J. SOLOMON AND A. YUVAL
1. Introduction
1.1. Setting. Let (X,ω, J,Ω) be a Calabi-Yau manifold. Namely, X is a Kähler
manifold with symplectic form ω and complex structure J , and Ω is a non-vanishing
holomorphic volume form on X. We denote by g the Kähler metric and by n the
complex dimension.
An oriented Lagrangian submanifold Λ ⊂ X, possibly immersed, is said to be
positive if Re Ω|Λ is a positive volume form. A positive Lagrangian submanifold
is special if Im Ω|Λ = 0. An oriented Lagrangian submanifold is called imaginary
special if Re Ω|Λ = 0 and Im Ω|Λ is a positive volume form.
Let O be a Hamiltonian isotopy class of closed smoothly embedded positive
Lagrangians diffeomorphic to a given manifold L. Then O is naturally a smooth
Fréchet manifold. A Riemannian metric G on O is defined in [44]. It is shown
in [45] that the metric G has a Levi-Civita connection and the associated sectional
curvature is non-positive. The Levi-Civita connection, which we describe in detail
in Section 2.2, gives rise to the notion of geodesics. The geodesic equation is a fully
non-linear degenerate elliptic PDE [42]. A satisfactory existence theory for these
geodesics would have far-reaching consequences for the uniqueness and existence
of special Lagrangian submanifolds in O [44, 45] as well as rigidity of Lagrangian
intersections [42].
In [48], the authors introduce the cylindrical transform for geodesics of positive
Lagrangians. A cylinder is a manifold of the form N × [0, 1]. The cylindrical trans-
form of a geodesic of positive Lagrangians (Λt)t∈[0,1] is a one-parameter family of
imaginary special Lagrangian cylinders. These cylinders satisfy the elliptic bound-
ary condition that the boundary component corresponding to N ×{i} is contained
in Λi for i = 0, 1. Thus, the degenerate elliptic geodesic equation is transformed
to a family of elliptic equations. When the endpoints of the geodesic Λ0,Λ1, are
Lagrangian spheres intersecting transversally in two points, necessary and suffi-
cient conditions are given for a family of imaginary special Lagrangian cylinders
to arise as the cylindrical transform of a geodesic. As a consequence, it is shown
that geodesics of such positive Lagrangian spheres persist under small perturba-
tions of the endpoints. The cylindrical transform is naturally defined for geodesics
of immersed Lagrangians that are smooth away from a finite number of conical sin-
gularities. Conversely, geodesics constructed from the inverse cylindrical transform
a priori have a finite number of conical singularities and may not be embedded. We
call such geodesics cone-smooth. The precise definition of cone-smooth is recalled
in Section 2.4. Unless otherwise mentioned, all geodesics are cone-smooth.
1.2. Statement of results. The present paper proves the a priori existence of
families of imaginary special Lagrangian cylinders near intersection points of posi-
tive Lagrangian submanifolds of Maslov index 0 or n. As explained in Section 1.3,
this result is a first step toward the non-perturbative construction of geodesics of
positive Lagrangian submanifolds in a general Calabi-Yau manifold. Moreover, we
introduce a method for proving C1,1 regularity of geodesics at the non-smooth lo-
cus. A geodesic is called C1,1 if it admits a parameterization by a C1,1 family of
positive Lagrangian immersions.
Let Λ0,Λ1 ⊂ X be positive Lagrangian submanifolds and let N be a manifold
of dimension n − 1. We denote by SLC(N ; Λ0,Λ1) the space of imaginary special
Lagrangian submanifolds of X, perhaps immersed, diffeomorphic to N × [0, 1], such
that the boundary corresponding to N × {i} is embedded in Λi for i = 0, 1. Posi-
tive Lagrangian submanifolds are naturally graded in the sense of [34, 43], so the
Maslov index of intersection points is defined absolutely. See Definition 3.12. In
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to an intersection point q ∈ Λ0 ∩ Λ1. Roughly speaking, regular convergence is a
necessary and sufficient condition for (Zs)s to arise from the cylindrical transform
of a geodesic of open positive Lagrangians in a neighborhood of q. Here, open means
not compact and without boundary. Although the metric G is defined only on a
Hamiltonian isotopy class of closed positive Lagrangians, the associated Levi-Civita
connection and geodesic equation continue to be well-defined in the open setting as
explained in Definition 2.20.
Theorem 1.1. Let Λ0,Λ1 ⊂ X be smoothly embedded positive Lagrangians inter-
secting transversally at a point q with Maslov index 0.





verging regularly to q.
(b) There exist open neighborhoods, q ∈ Ui ⊂ Λi, i = 0, 1, which are connected
by a C1,1 geodesic (Ut)t∈[0,1] of open positive Lagrangians.
Remark 1.2. For Λ0,Λ1 ⊂ X positive Lagrangians and q ∈ Λ0 ∩ Λ1, the Maslov
index m(q; Λ0,Λ1) satisfies
m(q; Λ0,Λ1) = n−m(q; Λ1,Λ0).
Also, the time parameter of a geodesic from Λ0 to Λ1 can be reversed to obtain a
geodesic from Λ1 to Λ0. So, Theorem 1.1 holds for q of Maslov index n as well as 0.
The family of imaginary special Lagrangian cylinders (Zs)s of Theorem 1.1 is
depicted in Figure 1. We call such a family special Lagrangian webbing.
Figure 1. A family of imaginary special Lagrangian cylinders
(Zs)s emanating from a Maslov zero intersection point of La-
grangian submanifolds Λ0,Λ1, as in Theorem 1.1.
In [48, Theorem 1.6] it is shown that a cone-smooth geodesic (Λt)t∈[0,1] connect-
ing positive Lagrangian spheres Λ0,Λ1, that intersect transversally at two points
persists under small perturbations of Λ0,Λ1. The following theorem shows that if
the geodesic (Λt)t is C
1 regular at the non-smooth locus, then it is in fact C1,1,
and moreover, this regularity persists under perturbations. Let O be a Hamilton-
ian isotopy class of smoothly embedded positive Lagrangian spheres and let GO
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denote the space of geodesics (Λt)t∈[0,1] with Λ0,Λ1 ∈ O intersecting transversally
at two points. We refer the reader to Definition 2.43 for the strong and weak C1,α
topologies on GO.
Theorem 1.3. Let Λ0,Λ1 ∈ O intersect transversally at exactly two points. Sup-
pose there exists a C1 geodesic (Λt)t∈[0,1] between Λ0 and Λ1. Let α ∈ (0, 1). Then,
there exists a C2,α-open neighborhood Y of Λ1 in O and a weak C1,α-open neighbor-
hood X of (Λt)t∈[0,1] in GO such that for every Λ ∈ Y there exists a unique geodesic
between Λ0 and Λ in X . This geodesic has regularity C1,1 and depends continuously
on Λ with respect to the C2,α topology on Y and the strong C1,α topology on X .
In [47], there are examples of geodesics of positive Lagrangians of arbitrary
dimension, many of which satisfy the hypothesis of Theorem 1.3. However, they
are all preserved by an isometric action of O(n) on the ambient manifold X. From
Theorem 1.3 we obtain the following.
Corollary 1.4. There exist C1,1 geodesics of closed positive Lagrangians in arbi-
trary dimension that are not invariant under any isometries of the ambient mani-
fold.
To prove Theorems 1.1 and 1.3, we use a blow-up argument, which can be
summarized as follows. The critical locus of a geodesic of positive Lagrangians





To each point p of each Lagrangian Λt, we associate a unique tangent cone TCpΛt.
If Λt is C
1 regular at p, then TCpΛt = TpΛt. For q ∈ Crit((Λt)t), Lemma 5.1 shows
that the family of tangent cones TCqΛt ⊂ TqX is a geodesic from TqΛ0 to TqΛ1.
Conversely, given a geodesic of positive Lagrangian cones in TqX from TqΛ0 to TqΛ1,
Lemma 6.1 shows how to construct open neighborhoods, q ∈ Ui ⊂ Λi, i = 0, 1, and
a geodesic (Ut)t∈[0,1] of open positive Lagrangians connecting them. Non-smooth
points of a cone-smooth geodesic are always critical points. Lemma 5.8 shows that
if the tangent cones at a critical point q of a geodesic are all linear, then the geodesic
is of regularity C1,1 at q. The final ingredient in Theorem 1.1 is the following a priori
existence result for geodesics of positive Lagrangian linear subspaces. Let LG+(n)
denote the Grassmannian of positive Lagrangian linear subspaces in Cn with the
standard Calabi-Yau structure. For Λ ∈ LG+(n), the tangent space TΛLG+(n) is
canonically isomorphic to the space of quadratic forms on Λ. For Λ0,Λ1 ∈ LG+(n),
we abbreviate m(Λ0,Λ1) for the Maslov index of 0 ∈ Λ0 ∩ Λ1.
Theorem 1.5. Let Λ0,Λ1 ∈ LG+(n) with m(Λ0,Λ1) = 0. Then there exists a
geodesic in LG+(n) between Λ0 and Λ1 with negative semi-definite derivative. If,
in addition, Λ0 and Λ1 intersect transversally, the geodesic has negative definite
derivative.
By Remark 1.2, Theorem 1.5 applies also when m(Λ0,Λ1) = n, only the de-
rivative of the geodesic is positive instead of negative. The final ingredient in the
proof of Theorem 1.3 is Proposition 4.9, which asserts that geodesics of positive La-
grangian linear subspaces are stable under deformations in the space of geodesics
of positive Lagrangian cones. The cylindrical transform plays a key role in several
steps of the preceding summary. In particular, the ellipticity of the family of spe-
cial Lagrangian boundary value problems produced by the cylindrical transform is
a crucial ingredient in inverse function theorem arguments.
1.3. Directions for future research.
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1.3.1. From local to global. Theorem 1.1 can be viewed as a special Lagrangian
analog of Bishop’s result [5] on the existence of a family of holomorphic disks near
a point of an n-dimensional real submanifold of Cn with tangent space containing a
complex line. The extension of Bishop’s local families of holomorphic disks to global
families is the basis for foundational results in symplectic and contact geometry [13,
26]. A fundamental question for future research is the following.
Question 1.6. Under what conditions can one extend the family of imaginary spe-
cial Lagrangian cylinders (Zs)s of Theorem 1.1 to obtain the cylindrical transform
of a geodesic of positive Lagrangians between Λ0 and Λ1?
We outline briefly what is needed to address Question 1.6. Theorem 1.2 of [48]
asserts that the space of imaginary special Lagrangian cylinders SLC(N ; Λ0,Λ1)
is a 1-dimensional smooth manifold for N an arbitrary closed connected (n − 1)-
manifold. So, the family of imaginary special Lagrangian cylinders (Zs)s of Theo-
rem 1.1 extends until a singularity develops. For example, a singularity can develop
as the cylinders Zs approach an intersection point q ∈ Λ0 ∩ Λ1. More precisely, a
submanifold Ys ⊂ Zs diffeomorphic to Sm−1 × [0, 1], where m is the Maslov index
m(q; Λ0,Λ1), can contract to a point. When m < n, a gluing argument should
show that the family (Zs)s can be continued through the singularity after perform-
ing a surgery that replaces a tubular neighborhood of Ys in Zs diffeomorphic to
Sm−1 × [0, 1] × Dn−m with a copy of Sn−m−1 × [0, 1] × Dm. When m = n, the
family of cylinders (Zs)s contracts to the point q. If one could show that no other
singularities develop, so that after a series of surgeries the family (Zs)s must even-
tually contract to a point of Maslov index n, it should follow that the family (Zs)s
arises as the cylindrical transform of a geodesic from Λ0 to Λ1.
We plan to treat this program in detail in future work. In dimension n = 2, spe-
cial Lagrangian cylinders are equivalent to holomorphic annuli by hyperkähler rota-
tion, and Gromov’s work [17] gives a great deal of control over which singularites can
appear. In higher dimensions, much less is known. However, there is an extensive
literature on special Lagrangian singularities [4, 21, 22, 23, 24, 28, 29, 30, 31, 32, 33].
Beyond the existence problem for geodesics of special Lagrangians, progress on
Question 1.6 could potentially lead to progress on the nearby Lagrangian conjecture
of Arnol’d as we now explain. Let M be a smooth closed manifold and let α denote
the Liouville 1-form on the cotangent bundle T ∗M. A Lagrangian submanifold
Λ ⊂ T ∗M is exact if α|Λ is exact. The nearby Lagrangian conjecture is the following.
Conjecture 1.7 (Arnol’d). An exact closed Lagrangian submanifold Λ ⊂ T ∗M is
Hamiltonian isotopic to the zero section.
Recently, there has been dramatic progress on this conjecture [1, 2, 14, 35, 40, 41],
culminating in the result that an exact closed Lagrangian Λ ⊂ T ∗M is simply
homotopy equivalent to M. The full conjecture has been proved for M = S2 in [25].
Nonetheless, in general, we are still far from being able to construct a Hamiltonian
isotopy from an exact closed Lagrangian Λ ⊂ T ∗M to the zero section.
Suppose we are given a compatible complex structure and a holomorphic volume
form on a neighborhood U of the zero section of T ∗M such that the zero section
is positive Lagrangian. These always exist by the Grauert tube construction [16,
18, 37]. Let Λ0 be the zero section of T
∗M and let Λ1 be an exact closed positive
Lagrangian in U ⊂ T ∗M intersecting Λ0 transversally. It follows from the above
cited results on the nearby Lagrangian conjecture that there exists at least one
intersection point of Λ0 and Λ1 of Maslov index zero. So, Theorem 1.1 applies. A
geodesic of positive Lagrangians is in particular a Hamiltonian isotopy, so progress
on Question 1.6 gives progress on Conjecture 1.7.
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1.3.2. Local questions. In our proof of Theorem 1.5, we use in an essential way the
assumption that m(Λ0,Λ1) = 0, n. Thus, the following seems fundamental.
Question 1.8. For general Λ0,Λ1 ∈ LG+(n), does there exist a geodesic in LG+(n)
between Λ0 and Λ1?
A positive answer to Question 1.8 would provide a model at the level of tangent
cones for geodesics of positive Lagrangians near critical points of index strictly
between 0 and n, completing the picture given by Theorem 1.5. However, even
when m(Λ0,Λ1) = 0, n, as in Theorem 1.5, it is not clear whether there are more
complicated models for tangents cones at critical points.
Question 1.9. For Λ0,Λ1 ∈ LG+(n), is it possible that there exists a geodesic from
Λ0 to Λ1 of positive Lagrangian cones that are not linear subspaces?
If the answer to Question 1.9 is the affirmative for m(Λ0,Λ1) = 0, Lemma 6.1
gives geodesics of open positive Lagrangians in an arbitrary Calabi-Yau manifold
that are not C1.
1.3.3. Regularity limitations. The limited regularity of geodesics of positive La-
grangian submanifolds is reminiscent of the limited regularity of geodesics in the
space of Kähler metrics [7, 8, 10, 12] and in the space of positive (1, 1)-forms [9, 11].
However, the above results on C1,1 regularity are of a different nature than C1,1
regularity in the Kähler metric or positive (1, 1)-form context. On the one hand,
as explained in [42], a geodesic of positive Lagrangian submanifolds can be viewed
locally as the graph of the gradient of a potential function analogous to the po-
tential functions for Kähler metrics and positive (1, 1)-forms. The C1,1 regularity
of Theorems 1.1 and 1.3 translates to C2,1 regularity for the local potential func-
tion unlike the C1,1 optimal result for potential functions of geodesics of Kähler
metrics and positive (1, 1)-forms. In fact, it may well be possible to obtain even
higher regularity in the settings of Theorem 1.1 and 1.3. On the other hand, we
consider only the case that all critical points of geodesics are non-degenerate with
Maslov index either 0 or n. In greater generality, it is likely that geodesics of posi-
tive Lagrangian submanifolds exhibit regularity limits similar to geodesics of Kähler
metrics or positive (1, 1)-forms.
1.4. Outline. In Section 2 we recall relevant definitions and results from [48]. In
Section 3 we study geodesics of linear positive Lagrangians and prove Theorem 1.5.
Section 4 shows that geodesics of positive Lagrangian linear subspaces are stable
under deformations in the space of geodesics of positive Lagrangian cones. The
precise statement is given in Proposition 4.9. In Section 5 we develop a blowup
procedure that relates the behavior of a geodesic of positive Lagrangians near a
critical point and the associated geodesic of tangent cones. In particular, if the
tangent cones are linear, the geodesic is C1,1 regular. The section concludes with the
proof of Theorem 1.3. In Section 6 we show how to construct a special Lagrangian
webbing from a geodesic of special Lagrangian cones and we prove Theorem 1.1.
1.5. Acknowledgements. The authors would like to thank T. Collins, Y. Eliash-
berg, Y. Rubinstein, P. Seidel, and G. Tian, for helpful conversations. The authors
were partially supported by ERC starting grant 337560 and BSF grant 2016173.
The second author was partially supported by the Adams Fellowship Program of
the Israel Academy of Sciences and Humanities.
2. Background
This article relies on the notation and results of [48] summarized below.
SPECIAL LAGRANGIAN WEBBING 7
2.1. Immersed Lagrangians. Let N,M be smooth manifolds, M perhaps with
boundary. Denote by Diff(M) the diffeomorphisms of M preserving each boundary
component. That is, if ϕ ∈ Diff(M) and B ⊂ ∂M is a component, then ϕ(B) = B.
Definition 2.1. An immersed (resp. embedded) submanifold of N of type M is an
equivalence class of immersions (resp. embeddings),
K = [f : M → N ],
where the equivalence is with respect to the Diff(M)-action: The immersions f and
f ′ are equivalent if there exists ϕ ∈ Diff(M) such that
f ′ = f ◦ ϕ.
We say that K = [f ] is free if f has trivial isotropy subgroup. We say that K has
boundary if M does. In this case, to each boundary component of M we associate a
boundary component of K, which is itself an immersed submanifold. A differential
form on K is an equivalence class of pairs η = [(f, τ)] where f is a representative
of K and τ ∈ Ω∗(M). The pairs (f, τ) and (f ′, τ ′) are equivalent if there exists
ϕ ∈ Diff(M) such that f ′ = f ◦ ϕ and τ ′ = f∗τ.
Let (X,ω) be a symplectic manifold of dimension 2n and let L be a smooth
manifold of dimension n. An immersion f : L → X is Lagrangian if it satisfies
f∗ω = 0. The diffeomorphism group Diff(L) acts on Lagrangian immersions L →
X by composition. An immersed Lagrangian submanifold in X of type L is a
submanifold of type L that can be represented by a Lagrangian immersion and
thus all representatives are Lagrangian.
Suppose now that L is closed. We let L(X,L) denote the space of free immersed
Lagrangian submanifolds in X of type L. The space L(X,L) is a smooth Fréchet
manifold. See [3] for a discussion in the case of embedded Lagrangians; the gener-
alization to free immersed Lagrangians is performed by means of [6, Theorem 1.5].




∣∣ dτ = 0} .
This is proved in [3] for embedded Lagrangians. The proof for the immersed case
is essentially the same. A path (Λt)t∈[0,1] in L(X,L) is said to be exact if its
derivative, ddtΛt, is exact for t ∈ [0, 1].
2.2. Positive Lagrangians and geodesics. In the literature, there are different,
non-equivalent definitions of Calabi-Yau manifolds. Here is the definition used
throughout this work.
Definition 2.2. A Calabi-Yau manifold is a quadruple (X,ω, J,Ω), where (X,ω)
is a symplectic manifold, J is an ω-compatible integrable complex structure, and
Ω is a non-vanishing holomorphic volume form on X.
Let (X,ω, J,Ω) be Calabi-Yau and let Λ ⊂ X be an oriented smooth Lagrangian




where volΛ denotes the Riemannian volume form with respect to the Kähler metric,












and θΛ : Λ→ S1 is called the phase function of Λ. We say Λ is positive if Re Ω|Λ is
positive. In this case, the phase may be regarded as a real-valued function admitting
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. We say Λ is special-Lagrangian if θΛ ≡ 0. If we have
θΛ ≡ ±π2 , we say Λ is imaginary special-Lagrangian.
Let L be a closed manifold, letO be an exact isotopy class of positive Lagrangians
in X of type L, and let Λ ∈ O. Positivity gives rise to the isomorphism





hRe Ω = 0
}
.
Hence, we think of vectors tangent to O as functions.
Definition 2.3. Let O be as above and let (Λt)t∈[0,1] be a smooth path in O. A
lifting of (Λt)t is a smooth family of Lagrangian immersions, (Ψt : L → X)t∈[0,1],
such that Ψt represents Λt for t ∈ [0, 1]. A lifting (Ψt)t is horizontal if it satisfies
i d
dtΨt
Re Ω = 0, t ∈ [0, 1].
It is shown in [44] that, given a smooth path (Λt)t∈[0,1] in O, every representative
Ψ0 : L→ X of Λ0 extends uniquely to a horizontal lifting of (Λt)t. We thus define
a connection on O as follows. Let (ht)t∈[0,1] be a vector field along a path (Λt)t.










The definition is independent of the choice of (Ψt)t. This connection, to which we
refer as the positive Lagrangian connection, is studied thoroughly in [45], where it
is shown to be the Levi-Civita connection of the Riemannian metric on O defined
by
(2) (h, k) :=
∫
Λ
hkRe Ω, h, k ∈ TΛO ∼= C∞(Λ).
The main objects of the present work are geodesics with respect to the positive
Lagrangian connection. Below, we extend the notion of geodesics to isotopy classes
of Lagrangians that may be open and/or non-smooth. See Definition 2.20.
2.3. Cone smooth maps. The following notations and definitions are taken from
Section 3 of [48].
Notation 2.4. Let M be a smooth manifold and let S ⊂M be a finite subset. We
denote by π : M̃S → M the oriented blowup of M at S. For p ∈ S, we denote by
Ep = π
−1(p) the exceptional sphere over p. For a detailed account of the definition
of the oriented blowup, see [48, Definition 3.1].
Definition 2.5. Let M and N be smooth manifolds, let p ∈M, and let Ψ : M → N
be continuous. Let M̃p, Ep and π : M̃p →M be as in Notation 2.4.
(1) The map Ψ is said to be cone-smooth at p if there exists an open Ep ⊂ Ũ ⊂
M̃p such that the composition Ψ ◦ π|Ũ : Ũ → N is smooth.
(2) Suppose Ψ is cone-smooth at p. The cone-derivative of Ψ at p is the unique
map
dΨp : TpM → TΨ(p)N
satisfying the equality
d(Ψ ◦ π)p̃ = dΨp ◦ dπp̃
for p̃ ∈ Ep. One verifies that the cone-derivative is well-defined and ho-
mogeneous of degree 1. Also, the restricted map dΨp|TpM\{0} is smooth.
Nevertheless, the cone-derivative is not linear in general.
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(3) Suppose Ψ is cone-smooth at p. We say Ψ is cone-immersive at p if the
restricted map
dΨp|TpM\{0} : TpM \ {0} → TΨ(p)N
is a smooth immersion. In particular, in this case we have dΨp(v) 6= 0 for
0 6= v ∈ TpM.
Definition 2.6. Let M and N be smooth manifolds. Let S ⊂M be a finite subset
and Ψ : M → N a continuous map.
(a) We say the pair (Ψ, S) is cone-smooth if Ψ is smooth away from S and cone-
smooth at every element of S. That is, the composition Ψ ◦ π : M̃S → N is
cone smooth. For Θ a manifold with corners, a family of maps ((Ψt, S))t∈Θ
is cone smooth if the composition Ψt ◦ π : M̃S → N gives a smooth map
M̃S ×Θ→ N.
(b) We say the pair (Ψ, S) is a cone-immersion from (M,S) to N if Ψ is a
smooth immersion away from S and cone-immersive at every element of S.
(c) Suppose N = M and Ψ(p) = p for all p ∈ S. The pair (Ψ, S) is a cone-
diffeomorphism of (M,S) if Ψ is a smooth diffeomorphism away from S
and for p ∈ S, the cone derivative dΨp|TpM\{0} : TpM \ {0} → TpM is
a diffeomorphism onto TpM \ {0}. We let Diff(M,S) denote the group of
cone-diffeomorphisms of (M,S) that act trivially on the set of connected
components.
(d) Let the diffeomorphism group Diff(M,S) act on cone-immersions from
(M,S) to N by composition. A cone-immersed submanifold of N of type
(M,S) is an orbit of the Diff(M,S)-action.
(e) Suppose M is orientable and let Diff+(M,S) / Diff(M,S) denote the nor-
mal subgroup of orientation preserving cone-smooth diffeomorphisms. An
orientation on a cone-immersed submanifold K of N of type (M,S) is an
equivalence class of pairs (O,C) where O is an orientation of M and C
is a Diff+(M,S) orbit inside the Diff(M,S) orbit K. There is a natural
Diff(M,S)/Diff+(M,S) action on such pairs and this gives rise to the de-
sired equivalence relation.
Definition 2.7. Let K = [(Ψ : M → N,S)] be a cone-immersed submanifold of
type (M,S). We let im(K) denote the image of K in M. That is,
im(K) = Ψ(M).
A point p in K is an equivalence class of pairs ((χ, S), q), where (χ : M → N,S) is
a representative of K and q ∈M. We let im(p) denote the image of p in N. That is,
im(p) = χ(q) for ((χ, S), q) a representative of p. The cone-immersed submanifold
K thus has a well-defined cone locus
KC := {[((Ψ, S), c)] | c ∈ S}.
A cone point is an element of the cone locus. We define the tangent cone of K at
a point p = [((Ψ, S), q)] to be the cone-immersed submanifold
TCpK := [(dΨc : TcM → Tim(p)N, {0})]
of Tim(p)N. The tangent cone TCpK is indeed a cone, that is, invariant under scalar
multiplication. Moreover, it is independent of the choice of Ψ. If Ψ is smooth at q,
then TCpK is smoothly embedded and recovers the usual notion of tangent space.
For h : V → W a homogeneous map of real vector spaces that does not vanish on
V \ {0}, we denote by P+(h) : P+(V )→ P+(W ) the oriented projectivization. We
define the projective tangent cone of K at p by
P+(TCpK) :=
[
P+(dΨc) : P+(TcM)→ P+(Tim(p)N)
]
.
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This is a smooth immersed sphere in P+(Tim(p)N).
A function on K is an equivalence class of pairs ((Ψ, S), f), where (Ψ, S) is a
representative ofK and f is a function onM.We say the function h = [((Ψ, S), f)] is
cone-smooth at the point p = [((Ψ, S), q)] if f is cone-smooth at q. In this case h has
a well-defined cone-derivative dhp : TCpK → R, which is a degree-1 homogeneous
function.
Let (Ψ : M → N,S) be a cone-smooth map and let p ∈ S. Recall that the cone
derivative dΨp : TpM → TΨ(p)N is homogeneous of degree 1 and dΨp|TpM\{0} is
smooth. It follows that for 0 6= v ∈ TpM and λ > 0, we have d(dΨp)v = d(dΨp)λv
under the canonical identification TvTpM ' TpM ' TλvTpM. Thus, for p̃ = [v] ∈
P+(TpM), we define
d(dΨp)p̃ := d(dΨp)v : TpM → TΨ(p)N.
The following is Lemma 3.16 from [48].















This map extends uniquely to a map of bundles d̃Ψ : π∗TM → π∗Ψ∗TN. Moreover,
for p ∈ S and p̃ ∈ Ep, we have
(3) d̃Ψp̃ = d(dΨp)p̃.
In particular, if Ψ is a cone-immersion, then d̃Ψ is an injective map of vector
bundles.
Definition 2.9. Let S ⊂ M be a finite subset. The blowup tangent bundle of
(M,S) is the bundle T̃MS := π
∗TM → M̃S . When clear from the context, we may
omit the subscript S. Let (Ψ : M → N,S) be a cone-smooth map. The blowup
differential of Ψ is the map
d̃Ψ : T̃MS → π∗Ψ∗TN
given by Lemma 2.8.
Let M be a smooth manifold and let S ⊂M be a finite subset and let π : M̃S →
M denote the blowup projection. Given a differential form α on M we can pull-back







denote this pull-back by π−1α. Observe that this pull-back is different from the pull-
back of α as a differential form, π∗α, which would be a section of Λ∗(T ∗M̃S). The
following are taken from Definition 3.18, Remark 3.19, Remark 3.26, Definition 3.27
and Definition 3.28 of [48].
Definition 2.10. A cone-smooth differential form on (M,S) is a smooth differen-







We call α̃ the blowup form. We say that α and α̃ are closed if α is closed as a differ-
ential form on M \ S. Let (Ψ : M → N,S) be a cone-smooth map. A cone-smooth










extends to a smooth section ξ̃ of (Ψ ◦ π)∗TN. We call ξ̃ the blowup vector field.
Remark 2.11. Let S ⊂ M be a finite subset and let (f : M → R, S) be a cone-
smooth function. Then, the blowup differential d̃f is a smooth section of the blowup
cotangent bundle T̃M
∗
S → M̃S , so df is a cone-smooth 1-form. For p ∈ S and
p̃ ∈ Ep, we use the notation dfp̃ = d̃f |p̃.
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Remark 2.12. Let Ψ ∈ Diff(M,S). Then Remark 3.10 of [48] and the fact that
π∗Ψ∗TM = Ψ̃∗π∗TM = Ψ̃∗T̃MS
imply that the blowup differential gives an isomorphism of vector bundles
d̃Ψ : T̃MS
∼−→ Ψ̃∗T̃MS .
In particular, cone-smooth diffeomorphisms act by pull-back on cone-smooth dif-
ferential forms.
Definition 2.13. Let K = [(Ψ : M → N,S)] be a cone-immersed submanifold
of type (M,S). A cone-smooth differential form on K is an equivalence class τ =
[((χ, S), α)] where (χ, S) represents K and α is a cone-smooth differential form on
(M,S). Two pairs are equivalent if they belong to the same orbit of the Diff(M,S)
action given by Remark 2.12. We may write α = Ψ∗τ. Given a smooth form η on
N, the restriction to K is the cone-smooth form given by
η|K := [((Ψ, S),Ψ∗η)].
We say that τ is closed if α is. We say that τ vanishes at the cone locus if α̃ vanishes
on ∂M̃S .
Definition 2.14. Let K = [(Ψ : M → N,S)] be a cone-immersed submanifold,
let p = [((Ψ, S), q)] be a cone point, and let p̃ = [(P+(dΨq), q̃)] ∈ P+(TCpK). The






which is independent of the choice of representatives. At a smooth point p =
[((Ψ, S), q)] of K, we define the tangent space TpK := dΨq(TqM) ⊂ Tim(p)N.
The following are Definition 3.30, Remark 3.31 and Definition 3.32 from [48].
Definition 2.15.
(1) Let (f : M → R, S) be a cone-smooth function, and let p ∈ S. The point
p is said to be a critical point of f if the cone-derivative dfp : TpM → R
vanishes identically.
(2) Let K = [(Ψ : M → N,S)] be a cone-immersed submanifold, let h =
[((Ψ, S), f)] be a cone-smooth function on K, and let p = [((Ψ, S), q)] be a
cone point. The point p is a critical point of h if q is a critical point of f.
Remark 2.16. Let S ⊂ M be a finite subset and let (f : M → R, S) be a cone-
smooth function. It follows from Lemma 2.8 that in the situation of part (1) of the
preceding definition, if p is a critical point of f, then dfp̃ = 0 for all p̃ ∈ Ep. The
analogous statement holds in the situation of part (2).
Definition 2.17. Let (f : M → R, S) be a cone-smooth function, and let p ∈ S
be a critical point of f.
(1) The cone-Hessian of f at p is the map
∇df : TpM → TpM∗,
smooth away from 0 and homogeneous of degree 1, defined as follows.
By Remark 2.16, the blowup differential d̃f vanishes on the exceptional







to Ep is independent of the choice of connec-
tion. Moreover, ∇d̃f vanishes on TEp ⊂ TM̃S |Ep . Recall that a vector
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0 6= v ∈ TpM gives rise to a point [v] ∈ P+(TpM) ' Ep. For v ∈ TpM, and
ṽ ∈ T[v]M̃S such that dπ[v](ṽ) = v, we define








(2) The critical point p is said to be degenerate if there exists a tangent vector
0 6= v ∈ TpM with ∇vdf = 0.
The following is Definition 3.3 from [48].
Definition 2.18. Let M be a smooth manifold, let p ∈ M. Let σ be a smooth
section of the quotient map TpM \ {0} → P+(TpM) ∼= Sn−1. A polar coordinate
map centered at p associated with σ is a smooth map
κ : Sn−1 × [0, ε)→M
satisfying the following.
(1) κ|Sn−1×{0} is the constant map to p.
(2) κ|Sn−1×(0,ε) is an open embedding.
(3) For r ∈ Sn−1,
∂κ
∂s
(r, 0) = σ(r).
An elementary argument shows that for every σ there exist many polar coordinate
maps. We may sometimes speak of a polar-coordinate map κ without mentioning
σ explicitly. In this case, we refer to the section σ determined by condition (3) as
the section associated with κ.
The following is Lemma 3.36 from [48].
Lemma 2.19. Let M be a smooth manifold of dimension m + 1 and let p ∈ M.
Let h : M → R be cone-smooth at p such that p is a non-degenerate critical point
and an extremum point of h. Then there exist a positive ε and a polar coordinate
map κ : Sm × [0, ε) → M centered at p such that for each s ∈ (0, ε) the restricted
map κ|Sm×{s} parameterizes a level set of h.
2.4. Lagrangians with cone points. Let (X,ω) be a symplectic manifold and
let L be a smooth manifold. A cone-immersed submanifold Λ = [(Ψ : L → X,S)]
is said to be Lagrangian if it is Lagrangian in the smooth locus. It follows in this
case that, for a cone point p ∈ Λ and p̃ ∈ P+ (TCpΛ) , the tangent space Tp̃Λ is also
Lagrangian.
We wish to study paths of cone-immersed Lagrangians with static cone locus.
For a finite subset C0 ⊂ X, we let L(X,L;S,C0) denote the space of oriented cone-
immersed Lagrangians in X of type (L, S) with cone locus image equal to C0. Let Θ
be a manifold with corners. For a family (Λt)t∈Θ in L(X,L;S,C0), a lifting of (Λt)t
is a family of cone-immersions, ((Ψt : L→ X,S))t∈Θ, such that (Ψt, S) represents
Λt for t ∈ Θ. The family (Λt)t∈Θ is smooth if it admits a smooth lifting, that is, if
the family of maps Ψt ◦ π is smooth, where π : L̃S → L is the blowup projection.
For a path (Λt)t in L(X,L;S,C0), the time derivative ddtΛt is a closed cone-
smooth 1-form on Λt that vanishes at the cone locus. See Section 3.2 of [48] for
details of how the argument in the smooth case generalizes to the cone-smooth case.
For a cone smooth immersed submanifold Λ of X, let C∞(Λ) denote the space of
cone-smooth functions on Λ. A path (Λt)t∈[0,1] in L(X,L;S,C0) is said to be exact




for some ht ∈ C∞(Λt).
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Let (X,ω, J,Ω) be Calabi-Yau and let L be a smooth manifold. A cone-immersed
Lagrangian Λ = [(Ψ : L → X,S)] is said to be positive Lagrangian if it is positive
Lagrangian in the smooth locus and, in addition, the tangent space Tp̃Λ ⊂ Tim(p)X
is positive Lagrangian for p ∈ ΛC and p̃ ∈ P+ (TCpΛ) . Let C0 ⊂ X be finite, let
O ⊂ L(X,L;S,C0) be an exact isotopy class of cone-immersed positive Lagrangians,
and let (Λt)t∈[0,1] be a path in O. A lifting (Ψt : L → X)t of (Λt)t is said to be
horizontal if it is horizontal in the smooth locus. Below is the definition of geodesics
in its general form, which is taken from Definition 3.39 of [48].
Definition 2.20. Let (X,ω, J,Ω) be a Calabi-Yau manifold, let L be a connected
smooth manifold, not necessarily closed, and let S ⊂ L be a finite subset. Let
C0 ⊂ X be finite, let O ⊂ L(X,L;S,C0) be an exact isotopy class of cone-immersed
Lagrangians, and let (Λt)t∈[0,1] be a path in O. The path (Λt)t is a geodesic if it







(ht ◦Ψt) = 0.
We call the family (ht)t∈[0,1] the Hamiltonian or the derivative of the geodesic.
We also call the time independent function h = ht ◦ Ψt : L → R the Hamiltonian
with respect to the horizontal lifting (Ψt)t. Observe that ht = [(Ψt, h)]. If L is not
compact, the Hamiltonian is only well-defined up to a time-independent constant.
If C0 is empty, we say (Λt)t is a smooth geodesic or geodesic of smooth Lagrangians.
Recalling that im(Λt) denotes the image of Λt in X, we define the critical locus





Observe that C0 ⊂ Crit((Λt)t) but the opposite inclusion need not hold. We say
the cone-smooth geodesic (Λt)t is of class C
k,α if it admits a lifting (Ψt : L→ X)t
that belongs to the space Ck,α(L× [0, 1], X).
Notation 2.21. Suppose (Λt)t∈[0,1] is a geodesic with Hamiltonian (ht)t and
Λ0,Λ1, are embedded. Let (Ψt : L → X,S)t be a horizontal lifting of (Λt)t.
Then, for each q ∈ Crit((Λt)t) there exists a unique p ∈ L such that Ψt(p) = q for
t ∈ [0, 1]. Thus, we let q̂t denote the point of Λt given by
q̂t = [(Ψt, p)].
Remark 2.22. In the setting of Notation 2.21, it follows that q̂t is a critical point
of the Hamiltonian function ht.
The following is Lemma 5.10 of [48].
Lemma 2.23. Suppose Λ0 and Λ1 intersect transversally at q ∈ C0. Then, q̂t is a
non-degenerate critical point of ht, t ∈ [0, 1].
2.5. Special Lagrangian cylinders and geodesics. In this section we recall
results from [48] concerning special Lagrangian cylinders, families thereof and their
relation to geodesics of positive Lagrangians.
Definition 2.24. Let (X,ω, J,Ω) be a Calabi-Yau manifold of complex dimen-
sion n, let Λ0,Λ1 ⊂ X be smoothly embedded positive Lagrangians, and let N be a
connected smooth manifold of dimension n−1. Write L := N× [0, 1]. A Lagrangian
cylinder of type L between Λ0 and Λ1 is an immersed Lagrangian Z = [χ : L→ X]
satisfying the following conditions.
(1) The Lagrangian immersion χ carries the boundary components N×{i}, i =
0, 1, to Λi, i = 0, 1, respectively.
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(2) For i = 0, 1 and p ∈ N × {i} we have dχp(TpL) 6= Tχ(p)Λi.
We let LC(N ; Λ0,Λ1) denote the space of Lagrangian cylinders of type L between
Λ0 and Λ1 and SLC(N ; Λ0,Λ1) ⊂ LC(N ; Λ0,Λ1) the subspace consisting of imagi-
nary special Lagrangian cylinders. In the present work, we assume all Lagrangian
cylinders have embedded boundary. That is, for Z = [χ : L→ X] ∈ LC(N ; Λ0,Λ1),
we assume χ|∂L is an embedding. We denote by SLC(Λ0,Λ1) the union of the
spaces SLC(N ; Λ0,Λ1) as N varies.
When N is closed, we describe the natural Fréchet structure of LC(N ; Λ0,Λ1) via
Lemmas 2.25 and 2.26 below. Lemma 2.25 is an adaptation of the Weinstein neigh-
borhood theorem to Lagrangian cylinders proved in greater generality in Lemma 2.8
of [48]. For a smooth manifold M and a submanifold Q ⊂ M, we let νQ ⊂ T ∗M
denote the conormal bundle of Q.
Lemma 2.25. Let X be Calabi-Yau and let Λ0,Λ1 ⊂ X be smoothly embedded
positive Lagrangians intersecting transversally. Let N be a closed connected smooth
manifold, write L := N×[0, 1], and let Z = [χ : L→ X] ∈ LC(N ; Λ0,Λ1). Identify L
with the zero section in T ∗L. Then there exist an open neighborhood L ⊂ V ⊂ T ∗L
and a local symplectomorphism ϕ : V → X with the following properties.
(a) ϕ|L = χ.
(b) For i = 0, 1, a point p ∈ N × {i} and a covector ξ ∈ T ∗pL, we have
ϕ(p, ξ) ∈ Λi ⇔ ξ ∈ νN×{i}.
A pair (V, ϕ) with the above properties is called a Weinstein neighborhood of Z
compatible with Λ0 and Λ1.
The following is Lemma 4.3 of [48].
Lemma 2.26. Let N be a connected smooth manifold and let α be a closed 1-form
on the cylinder N × [0, 1] annihilating the boundary component N ×{0}. Then α is
exact.
We continue with the above notation. For a smooth manifold M with boundary,
let Ω1B(M) denote the Fréchet space consisting of closed 1-forms on M annihilat-
ing the boundary. Given a compact Lagrangian cylinder Z ∈ LC(N ; Λ0,Λ1), any
Weinstein neighborhood of Z compatible with Λ0 and Λ1 identifies an open neigh-
borhood Z ∈ U ⊂ LC(N ; Λ0,Λ1) with an open neighborhood 0 ∈ V ⊂ Ω1B(Z). The
space LC(N ; Λ0,Λ1) is thus a smooth Fréchet manifold. For a cylinder Z as above,
let Ci, i = 0, 1, denote the boundary components corresponding to N × {i}. Let
C∞COB(Z) denote the space of smooth functions on Z which vanish on C0 and are
constant on C1. By Lemma 2.26, an open neighborhood of Z in LC(N ; Λ0,Λ1) is
diffeomorphic to a neighborhood of 0 in C∞COB(Z). We remark that the identifica-
tion TZLC(N ; Λ0,Λ1) ∼= C∞COB(Z) does not depend on the choice of a Weinstein
neighborhood.
For an imaginary special Lagrangian cylinder Z, define a differential operator
(4) ∆ρ : C
∞(Z)→ C∞(Z), u 7→ ∗d(ρ ∗ du),
where ∗ denotes the Hodge star operator of the Kähler metric and ρ is the function
given by (1). The following lemma is a restatement of Lemmas 4.5 and 4.6 of [48].
Let C∞(L; ∂L) denote the space of smooth functions on L which vanish on the
boundary.
Lemma 2.27. Let N be a closed connected manifold, let Z = [f : L → X] be an
immersed imaginary special Lagrangian of type L := N × [0, 1], and let ∆ρ be as
in (4).
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(a) Let ft : L → X, t ∈ (−ε, ε), be a smooth family of Lagrangian immersions





ft and suppose we have ivω = du for some





(∗f∗t Re Ω) = ∆ρu.
(b) The linear map
∆ρ|C∞(L;∂L) : C
∞(L; ∂L)→ C∞(L)
is an isomorphism. In particular, the intersection ker ∆ρ ∩ C∞COB(L) is
1-dimensional.
Definition 2.28. Let Z = [f : N × [0, 1]→ X] be an immersed imaginary special
Lagrangian cylinder. For i = 0, 1, let Ci denote the boundary component of Z
corresponding to N × {i}.
(a) The fundamental harmonic of Z is the unique function σ ∈ C∞COB(Z) such
that
∆ρσ = 0, σ|C1 ≡ 1.
(b) We say that Z has regular harmonics if the fundamental harmonic of Z has
no critical points.
(c) The immersion f representing Z is said to be adapted to the harmonics
of Z if
σ ◦ f(p, t) = t, (p, t) ∈ N × [0, 1].
In this case, it follows immediately that Z has regular harmonics.
The following is Proposition 4.7 of [48], which is an adaptation of McLean’s
result on the deformation theory of closed special Lagrangians [38].
Proposition 2.29. Let Λ0,Λ1 ⊂ X be smoothly embedded positive Lagrangians
intersecting transversally, and let N be a closed connected smooth manifold. Then
the space SLC(N ; Λ0,Λ1) is a smooth manifold of dimension 1. For an imaginary
special Lagrangian cylinder Z ∈ SLC(N ; Λ0,Λ1) we have
TZSLC(N ; Λ0,Λ1) = ker ∆ρ ∩ C∞COB(Z).
By Proposition 2.29, imaginary special Lagrangian cylinders naturally appear
in 1-parameter families. The following proposition shows that 1-parameter fami-
lies of imaginary special Lagrangian cylinders arise naturally from geodesics. The
proposition is an immediate corollary of Propositions 5.1 and 5.3 of [48].
Proposition 2.30. Let (X,ω, J,Ω) be a Calabi-Yau manifold.
(a) Let (Λt)t∈[0,1] be a geodesic of positive Lagrangians in X with Hamilton-
ian (ht)t. Let (Ψt : L → X)t∈[0,1] be a horizontal lifting of (Λt)t, and let
h : L → R denote the Hamiltonian of the geodesic with respect to (Ψt)t,
that is, h := ht ◦Ψt. For c ∈ R, let
Lc := (h
−1(c) \ Crit(h))× [0, 1].
Then, the mapping
Φc : Lc → X, (p, t) 7→ Ψt(p),
is an imaginary special Lagrangian immersion.
(b) The mapping Φc is adapted to the harmonics of the cylinder Z = [Φc]. In
particular, Z has regular harmonics.
The following is an amalgamation of Definitions 5.2 and 1.4 of [48].
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Definition 2.31. Let (X,ω, J,Ω) be a Calabi-Yau manifold and let (Λt)t∈[0,1] be a
geodesic of positive Lagrangians in X with derivative (ht)t. Let (Ψt : L→ X)t∈[0,1]
be a horizontal lifting of (Λt)t, and let h : L → R denote the Hamiltonian of the
geodesic with respect to (Ψt)t.
(1) For c ∈ R, the cylinder of c level sets associated to the geodesic is the
immersed imaginary special Lagrangian cylinder represented by the map
Φc of Proposition 2.30 (a).
(2) The cylindrical transform of the geodesic (Λt)t∈[0,1] is the subset of the
space of imaginary special Lagrangian cylinders SLC(Λ0,Λ1) parameterized
by the family of imaginary special Lagrangian immersions Φc : Lc → X
from Proposition 2.30 (a) for c ∈ R such that Lc 6= ∅.
Let Λ0,Λ1 ⊂ X be Lagrangian submanifolds and let N be a connected closed
manifold of dimension n − 1. Let (Zs)s∈[s0,s1] be a family of Lagrangian cylinders





For i = 0, 1, let Ci,s denote the boundary component of the cylinder Zs correspond-
ing to N × {i} and let As ∈ R be the unique constant such that
hs|C1,s ≡ As.
The following is Definition 4.11 of [48].










More generally, if I ⊂ R is an interval, possibly open or half open, with endpoints
a < b, and (Zs)s∈I is a path in LC(N ; Λ0,Λ1), we write








whenever the limit exists.
Remark 2.33.
(1) It is clear from the definition that RelFlux((Zs)s∈I) is a symplectic invari-
ant.
(2) The relative Lagrangian flux RelFlux((Zs)s∈[s0,s1]) depends only on the
homotopy class of the path (Zs)s relative to its endpoints. See Remark 4.12
of [48].
The following is a reformulation of Lemma 5.5 of [48]. It asserts that the Hamil-
tonian of a geodesic can be recovered from the relative Lagrangian flux of the
associated cylinders of c-level sets.
Lemma 2.34. Let (Λt)t be a geodesic with Hamiltonian (ht)t and assume the
functions ht are proper. For c in the image of ht, let Zc denote the associated
cylinder of c level sets. Since the functions ht are proper, the cylinder Zc is compact
when c is a regular value of (ht)t. Let c0 < c1 ∈ R be such that the interval (c0, c1)





= b1 − b0.
Recall that the Euler vector field on a real vector space is the radial vector field
that integrates to rescaling by et. The following is Lemma 4.15 from [48].
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Lemma 2.35. Equip Cn with the standard Calabi-Yau structure, let Λ0,Λ1 ⊂ Cn





has regular harmonics if and only if Z is nowhere tangent to the Euler vector field.
The following simplified notion of ends for 1-dimensional manifolds is given in
Section 4.3 of [48]. Let C be a connected non-compact 1-dimensional manifold.
That is, C is a curve diffeomorphic to the real line. A ray in C is a connected open
proper subset U ( C with non-compact closure. Two rays, U, V ⊂ C are said to be
equivalent if U ⊂ V or V ⊂ U. Finally, an end is an equivalence class of rays. Every
curve C as above has exactly two ends. The following is taken from Definition 4.17
of [48].
Definition 2.36.
(1) Let U ⊂ SLC (N ; Λ0,Λ1) be open and connected. An interior-regular pa-
rameterization of U is a smooth immersion Φ : N × [0, 1] × (a, b) → X
satisfying the following conditions:
(a) The restriction of Φ to a boundary component Φ|N×{i}×(a,b) is an
embedding for i = 0, 1.
(b) For s ∈ (a, b), the restricted immersion Φs := Φ|N×[0,1]×{s} represents
an element of U .
(c) The map χ : (a, b)→ U, s 7→ [Φs], is a diffeomorphism.
The subset U is said to be interior-regular if it admits an interior-regular
parameterization.




be a connected component, let E be an end of
Z, and let q ∈ Λ0∩Λ1. A regular parameterization of E about q is a smooth
map Φ : Sn−1 × [0, 1]× [0, ε)→ X satisfying the following conditions.
(a) For (p, t) ∈ Sn−1 × [0, 1] we have Φ(p, t, 0) = q.
(b) The restricted map Φ|Sn−1×[0,1]×(0,ε) is an interior-regular parameter-






Φ(·, ·, s) : Sn−1 × [0, 1]→ TqX





Sn−1×{i} is an em-
bedding for i = 0, 1.






In this case, we also say that Φ is a regular parameterization of U about q.
We say the end E or the ray U converges regularly to the intersection point q
if it admits a regular parameterization about q. We may use a half-open
interval with arbitrary endpoints, open either from below or above, in place
of the half-open interval [0, ε).
The following is Corollary 4.20 from [48].
Lemma 2.37. If Φ : Sn−1 × [0, 1]× [0, ε)→ X satisfies conditions (2)(a), (2)(c),
(2)(d) and (1)(b) of Definition 2.36, then possibly after diminishing ε, it also sat-
isfies condition (2)(b) and thus it is a regular parameterization.
The following are Definition 5.6 and Lemma 5.8 from [48].
Definition 2.38. Let Λ0,Λ1 ⊂ X be smooth Lagrangians and let N be a closed
connected smooth manifold of dimension n− 1. Let U ⊂ SLC(N ; Λ0,Λ1) be open,
connected and interior-regular. Let Φ : N × [0, 1] × (0, 1) → X be an interior
regular parameterization of U. For i = 0, 1, the submanifold of Λi swept by U is
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the image of the embedding Φ|N×{i}×(0,1). This is independent of Φ. Similarly,




is a ray and Φ : Sn−1 × [0, 1] × [0, ε) → X is
a regular parameterization of U about an intersection point q ∈ Λ0 ∩ Λ1. For
i = 0, 1, the unpunctured submanifold of Λi swept by U is the image of the restricted
map Φ|Sn−1×{i}×[0,ε).
Lemma 2.39. Let Λ0,Λ1 ⊂ X be smoothly embedded positive Lagrangians in-





with an end E converging regularly to q. Let U ⊂ Z be
a ray representing E admitting a regular parameterization about q. For i = 0, 1,
let ΛUi denote the unpunctured submanifold of Λi swept by U . Then, there exists a
geodesic of positive Lagrangians between ΛU0 and Λ
U
1 with cylindrical transform U.
This geodesic is unique up to reparameterization and has critical locus {q}.
Recall Notation 2.21.
Setting 2.40. Let (Λt)t∈[0,1] be a geodesic of positive Lagrangians in X with
Hamiltonian (ht)t. Suppose the endpoints Λ0 and Λ1 are smoothly embedded and
let q ∈ Crit((Λt)t) be a transverse intersection point of Λ0 and Λ1. Moreover, for
t ∈ [0, 1] assume q̂t is an absolute minimum or maximum of ht. Let (Ψt : L→ X,S)t
be a horizontal lifting. Let h = ht◦Ψt denote the Hamiltonian with respect to (Ψt).
Let p ∈ L be such that Ψt(p) = q for t ∈ [0, 1]. By Lemma 2.23, p is a non-degenerate
critical point of h. By Lemma 2.19, choose a positive ε and a polar coordinate map
κ : Sn−1 × [0, ε)→ L centered at p such that for each s ∈ (0, ε) the restricted map
κ|Sn−1×{s} parameterizes a level set of h.
The following is Lemma 5.11 from [48].
Lemma 2.41. In Setting 2.40, let Z denote the cylindrical transform of (Λt)t.
Then, one end of Z converges regularly to q. In fact, the map
Φ : Sn−1 × [0, 1]× [0, ε)→ X, (c, t, s) 7→ Ψt(κ(c, s))
is a regular parameterization of Z about q.
The following are Definitions 5.13 and 6.6 from [48].
Definition 2.42. Let Λ0,Λ1 ⊂ X be smooth positive Lagrangian submanifolds





component. A regular parameterization of Z is a smooth map Φ : Sn−1 × [0, 1] ×
[0, 1]→ X satisfying the following conditions:
(1) The restricted map Φ|Sn−1×[0,1]×(0,1) is an interior-regular parameterization
of Z.
(2) The restricted maps Φ|Sn−1×[0,1]×[0,1/2) and Φ|Sn−1×[0,1]×(1/2,1] are regular
parameterizations of the two ends of Z about the intersection points q0 and
q1, respectively.
We say Z is regular if it admits a regular parameterization.
Definition 2.43. Let O be a Hamiltonian isotopy class of positive Lagrangian
spheres. For Λ0,Λ1 ∈ O, we write Λ0 t2 Λ1 if Λ0 and Λ1 intersect transversally at




∣∣∣∣ Λi ∈ O, i = 0, 1, Λ0 t2 Λ1,Z ⊂ SLC(Λ0,Λ1) a regular component
}
.
We define the strong and weak Ck,α topologies on ZO as follows. For
V ⊂ C∞(Sn−1 × [0, 1], X), U ⊂ C∞(Sn−1 × [0, 1], TX),
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∀Z ∈ Z, ∃f : Sn−1 × [0, 1]→ X representing Z
such that f ∈ V,
∀E an end of Z, ∃Φ : [0, ε)→ X a regular









∣∣∣∣∃Z ∈ Z, ∃f : Sn−1 × [0, 1]→ X representing Zsuch that f ∈ V
}
.
Then, a basis for the strong Ck,α topology on ZO is given by sets of the form TU,V
and a sub-basis for the weak Ck,α topology on ZO is given by sets of the form XV .
Let
GO := {(Λt)t∈[0,1]|(Λt)t∈[0,1] is a geodesic with Λ0,Λ1 ∈ O, Λ0 t2 Λ1}
denote the space of geodesics with endpoints in O intersecting transversally at two
points. By Theorem 1.5 of [48], the cylindrical transform gives a bijection
GO ' ZO.
So, the strong and weak Ck,α topologies on ZO give rise to topologies on GO, which
we also call the strong and weak Ck,α topologies respectively.
3. The positive Lagrangian Grassmannian
3.1. The linear positive Lagrangian connection. Let (Cn, ω, J,Ω) denote the
standard Calabi-Yau structure on Cn. Let LG(n) denote the Lagrangian Grassman-
nian,
LG(n) := {Λ ∈ GrR (n,Cn) | ω|Λ = 0} ,
where GrR(n,Cn) denotes the space of real n-dimensional linear subspaces of Cn.
Then LG(n) is a smooth manifold of dimension n(n+1)2 . The following well-known
lemma provides a convenient description of the tangent bundle TLG(n).
Lemma 3.1. For Λ ∈ LG(n) there is a canonical isomorphism TΛLG(n) ∼= Q(Λ),
the space of quadratic forms on Λ.
Proof. As always when working with spaces of Lagrangian submanifolds, the desired
isomorphism is obtained via contraction with ω. Let (Λt)t∈(−ε,ε) be a smooth path
in LG(n) and let Ψt : Rn → Cn, t ∈ (−ε, ε), be a smooth linear lifting. As a 1-form,













As the path (Λt)t is Lagrangian, σ is closed and thus equal to the derivative of a
unique function, h ∈ C∞(Λ0), satisfying h(0) = 0. As the lifting (Ψt)t is linear,
the linear functional σx : TxΛt → R depends linearly on x under the canonical
isomorphism TxΛt ' Λt. It follows that h is a quadratic form. 
As every Lagrangian Λ ∈ LG(n) is in particular totally real and Ω is of type (n, 0),
we have Ω|Λ 6= 0 (see [20]). Let phase : LG(n) → R/πZ denote the Lagrangian
phase,
phase(Λ) := arg (Ω|Λ) , Λ ∈ LG(n).
The phase is only well-defined in R/πZ, rather than R/2πZ, as the elements of
LG(n) are not oriented. We define the positive Lagrangian Grassmannian to be the
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We equip each Λ ∈ LG+(n) with the orientation making Re Ω|Λ a positive volume
form. So, the phase lifts to a well-defined real-valued function on LG+(n), which










As shown in [44], every path of closed positive Lagrangians in a Calabi-Yau
admits horizontal liftings. We show the same holds true for paths in LG+(n).
Lemma 3.2. Let (Λt)t∈[0,1] be a smooth path in LG+(n) and let Ψ0 : Rn → Λ0
be an isomorphism of real vector spaces. Then Ψ0 extends uniquely to a horizontal
lifting, Ψt : Rn → Cn, t ∈ [0, 1], of the path (Λt)t. Moreover, the unique lifting
(Ψt)t is linear.












Re Ω = −i d
dt Ψ̃t
Re Ω.
Then wt is a linear time-dependent vector field and hence integrable. Its flow,
denoted by ϕt, is also linear. The desired lifting is given by
Ψt := Ψ̃t ◦ ϕt.

Remark 3.3. By virtue of Lemma 3.2, all horizontal liftings of paths in LG+(n) are
henceforth assumed to be linear.
Lemma 3.4. Let (Λt)t∈[0,1] be a smooth path in LG+(n) and let (Ψt)t∈[0,1] be a
linear lifting. Let (ht)t∈[0,1] be a vector field along the path (Λt)t. That is, ht is a





(ht ◦Ψt) : Rn → R
is a quadratic form.
Proof. For t ∈ [0, 1], the composition ht ◦Ψt is a quadratic form on Rn. The space
Q (Rn) ⊂ C∞ (Rn) is a closed linear subspace. The lemma follows. 
By Lemmas 3.2 and 3.4, we can define the positive Lagrangian connection on
LG+(n) just as in Definition 2.3. On the other hand, since Rn is not compact, the
Riemannian metric (2) makes no sense in LG+(n). In fact, the positive Lagrangian
connection in this context is not a metric connection. In what follows, all covariant
derivatives, geodesics, and exponential maps in LG+(n) are taken with respect to
the positive Lagrangian connection.
3.2. Linear geodesics. In this section we study geodesics in LG+(n) and prove
Theorem 1.5. We equip Rn with the standard inner product and Cn with the
standard real inner product. Every element in LG+(n) thus has an induced inner
product. We start by stating the following well-known observation.
Lemma 3.5. Let Λ0,Λ1 ∈ LG(n). Then, for some k ≤ n, there exist distinct




Vi,j , i = 0, 1,




−1V0,j = V1,j , j = 1, . . . , k.
The arguments αj , j = 1, . . . , k, and decompositions are unique up to order.
Proposition 3.7 below is key in the understanding of geodesics in LG+(n). We
use the following notion.
Definition 3.6. Let (Λt)t∈[0,1] be a geodesic in LG+(n) with derivative ht ∈
Q(Λt), t ∈ [0, 1]. A horizontal lifting (Ψt)t∈[0,1] of (Λt)t is said to be compati-
ble with h0 if Ψ0 : Rn → Λ0 is an inner product preserving isomorphism such that
for some a1, . . . , an ∈ R, we have





j , x ∈ Rn, t ∈ [0, 1].
The real numbers a1, . . . , an, which are independent of (Ψt)t up to order, are called
the corresponding coefficients.
Below, we use the Einstein summation convention unless one of the indices is
specified from the context.
Proposition 3.7. Let (Λt)t∈[0,1] be a geodesic in LG+(n) with derivative (ht)t.
Let e1, . . . , en ∈ Rn denote the standard basis. Let (Ψt)t∈[0,1] be a horizontal lift-
ing of (Λt)t compatible with h0, and let a1, . . . , an, denote the corresponding co-
efficients. For j = 1, . . . , n and t ∈ [0, 1], write gj(t) := 〈Ψt(ej),Ψt(ej)〉 and
gj(t) := (gj(t))
−1




gj(t) = −4aj tan phase(Λt), j = 1, . . . , n, t ∈ [0, 1].
(b)
〈Ψt(ej),Ψt(ek)〉 = 0, j, k = 1, . . . , n, j 6= k, t ∈ [0, 1].
(c) For j = 1, . . . , n, there exists a unique smooth function θj : [0, 1]→ R such
that
θj(0) = 0, Ψt(ej) ∈ eθj(t)
√
−1R〈Ψ0(ej)〉, t ∈ [0, 1].








Ψt(x) = −J∇ht(Ψt(x))− tan phase(Λt)∇ht(Ψt(x)), x ∈ Rn.






the inverse matrix of (gjk)j,k (t). Let
∂
∂x1 , . . . ,
∂
∂xn denote the tangent frames of




, j = 1, . . . , n.







− 2aj tan phase(Λt)gjl(t)
∂
∂xl
, j = 1, . . . , n.
From the Leibniz rule we deduce
d
dt







= −4aj tan phase(Λt)δjk,
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− 2aj tan phase(Λt)gj(t)
∂
∂xj
, j = 1, . . . , n.
Part (c) follows. 
Definition 3.8. For a geodesic (Λt)t in LG+(n), we call the functions θj of Propo-
sition 3.7 (c) the partial phase differences.
Remark 3.9. It follows from the complex linearity of Ω that if (Λt)t is a geodesic














The following is an immediate consequence of Proposition 3.7.
Corollary 3.10. Let (Λt)t∈[0,1] be a geodesic in LG+(n) with derivative (ht)t∈[0,1].
Then the orthogonal decompositions of Λi, i = 0, 1, associated to the quadratic
forms hi and the induced inner product coincide with the decompositions of Lem-
ma 3.5. Moreover, letting (Ψt)t be a horizontal lifting of (Λt)t, the isomorphism
Ψ1 ◦Ψ−10 : Λ0 → Λ1 preserves these decompositions.
In light of Remark 3.9, Proposition 3.7 (c) also provides a simple proof of the
following statement, which is proved in greater generality in [45] and [49].





where ∆ denotes the geometer’s Laplacian with respect to the induced metric on
Λt. In particular, if the quadratic forms ht are positive/negative semi-definite, then
phase(Λt) is a monotone function of t.
Let Λ0,Λ1 ∈ LG+(n) and suppose we wish to find a geodesic between Λ0 and
Λ1. In other words, we wish to find a tangent vector h0 ∈ TΛ0LG(n) ∼= Q(Λ0) with
expΛ0(h0) = Λ1. In view of Proposition 3.7 and Corollary 3.10, the following is a






of Lemma 3.5. With respect to this identification, the desired h0, if it exists, has







for some a1, . . . , an ∈ R. The coefficients aj , j = 1, . . . , n, determine the time-
evolution of the partial phase differences, θ1, . . . , θn, and thus need to be chosen so
that θj(1) represents the argument αj of Lemma 3.5 for j = 1, . . . , n. In particular,
each of the functions θj is monotone, where the sign of aj determines whether it is
increasing or decreasing. It thus makes sense that the Maslov index defined below
is related to geodesics in LG+(n). We recall the definition given in [46].
SPECIAL LAGRANGIAN WEBBING 23
Definition 3.12. Let Λ0,Λ1 ∈ LG+(n). Let α1, . . . , αn ∈ R/πZ be the arguments
of Lemma 3.5 with the right multiplicities. For j = 1, . . . , n, let βj ∈ [0, π) be the







βj + phase(Λ0)− phase(Λ1)
 .









∣∣∣ Λ0 ∩ Λ1 = {0}} .
As implied by the notation, m0(Λ0) is indeed the closure of m0(Λ0). We remark
that both spaces are connected. We let G(Λ0) ⊂ m0(Λ0) and G(Λ0) ⊂ m0(Λ0)
denote the subsets consisting of Lagrangians that can be connected with Λ0 by a
geodesic with negative semi-definite derivative.
More generally, if (X,ω, J,Ω) is a Calabi-Yau manifold and Λ0,Λ1 ⊂ X are
positive Lagrangian submanifolds, the Maslov index of an intersection point q ∈
Λ0,Λ1 is given by
m(q; Λ0,Λ1) := m(TqΛ0, TqΛ1).
We divide the proof of Theorem 1.5 into three steps. Fix Λ0 ∈ LG+(n). In
Corollary 3.14 we show that G(Λ0) is non-empty. In Proposition 3.16 we show that
G(Λ0) is a closed subset of m0(Λ0). In Proposition 3.18 we show that G(Λ0) is an
open subset of m0(Λ0).
Lemma 3.13. Let (Λt)t∈[0,1] be a geodesic in LG+(n) with derivative (ht)t. Suppose
the quadratic forms ht are negative semi-definite.
(a) We have m(Λ0,Λ1) = 0.
(b) If Λ0 ∩ Λ1 = {0}, then the quadratic forms ht are negative definite.
Proof. Choose a horizontal lifting of (Λt)t compatible with h0, let a1, . . . , an denote
the corresponding coefficients and let θ1, . . . , θn denote the partial phase differences.
By assumption, the coefficients aj , j = 1, . . . , n, are all non-positive. It thus follows
from Proposition 3.7 (c) that
(9) θj(1) ≥ 0, j = 1, . . . , n,
with equality only when aj = 0. If θj = 0 for some j, then Λ0 ∩ Λ1 6= {0}. So,







, Remark 3.9 and inequality (9) imply that
θj(1) < π, j = 1, . . . , n.
The partial phase differences θj(1), j = 1, . . . , n, thus coincide with the representa-
tives βj , j = 1, . . . , n, of Definition 3.12, which implies part (a) of the lemma. 
Corollary 3.14. For Λ0 ∈ LG+(n), the space G(Λ0) is non-empty.
Proof. As LG+(n) is finite-dimensional, the exponential map expΛ0 is well-defined
on an open neighborhood 0 ∈ U ⊂ TΛ0LG(n) = Q(Λ0). Let h ∈ U be negative
definite. By Lemma 3.13 (a) we have expΛ0(h) ∈ m0(Λ0). By Proposition 3.7 (c),
the partial phase differences are strictly increasing, implying that
Λ0 ∩ expΛ0(h) = {0}.
It follows that expΛ0(h) ∈ G(Λ0). 
24 J. SOLOMON AND A. YUVAL
The main ingredient in the proof of Proposition 3.16 is the following a priori
estimate.
Lemma 3.15. Let −π2 < α0 < α1 <
π
2 .
(a) There exists a positive constant N = N(α1) with the following property.
Let (Λt)t∈[0,1] be a geodesic with negative semi-definite derivative (ht)t,
such that phase(Λ0),phase(Λ1) ∈ [α0, α1]. Let (Ψt)t be a horizontal lift-
ing of (Λt)t compatible with h0 and let a1, . . . , an denote the corresponding
coefficients. Let e1, . . . , en denote the standard basis of Rn and write
gj(t) := 〈Ψt(ej),Ψt(ej)〉, gj(t) := (gj(t))−1 , j = 1, . . . , n, t ∈ [0, 1].
Then we have
gj(t) ≤ N, j = 1, . . . , n, t ∈ [0, 1].
(b) There exists a positive constant M = M(α0, α1) such that, in the setting of
part (a), we have
aj > −M, j = 1, . . . , n.
Proof. Let (Λt)t, (ht)t, (Ψt)t, aj , j = 1, . . . , n, and gj , j = 1, . . . , n, be as in (a). We
assume ht 6= 0, otherwise there is nothing to prove. By Corollary 3.11, phase(Λt)




phase(Λt) = ∆ht = −2gj(t)aj .
In particular, we have
phase(Λt) ∈ [α0, α1], t ∈ [0, 1].







Let j ∈ {1, . . . , n}. If we have aj = 0, it follows from Proposition 3.7 (a) that













If phase(Λt) > 0, equation (12) implies
dgj
dphase(Λt)
≤ 2aj tan phase(Λt)
gjaj
(14)
= 2 tan phase(Λt)gj
≤ 2 tanα1gj .
The differential inequalities (13) and (14) imply that, if α1 ≤ 0, we have
gj(t) ≤ 1, t ∈ [0, 1],
whereas if α1 > 0, we have
gj(t) ≤ eπ tanα1 , t ∈ [0, 1],
establishing part (a).
By (a) we have
gj(t) ≥ 1
N
, j = 1, . . . , n, t ∈ [0, 1].
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Integrating equation (10), we obtain









Part (b) follows. 
Proposition 3.16. Let Λ0 ∈ LG+(n). Then G(Λ0) is a closed subset of m0(Λ0).
Proof. Let (Λ1,k)k∈N be a sequence in G(Λ0) converging to Λ1,∞ ∈ m0(Λ0). For
k ∈ N, let (Λt,k)t∈[0,1] be a geodesic between Λ0 and Λ1,k with negative semi-
definite derivative. Write phase(Λ0) =: α0. As the sequence (Λ1,k)k is convergent,







phase(Λ1,k) < α1, k ∈ N.




∣∣ phase(Λ) ∈ [α0, α1]} .
Also, by Lemma 3.15 (b), there exists a compact set K ⊂ TΛ0LG(n) containing
all the time-derivatives ddt
∣∣
t=0
Λt,k. It follows that for l ∈ N, the derivatives of all
geodesics in question up to order l are uniformly bounded. By the Arzelà-Ascoli
theorem, there exists a subsequence of ((Λt,k)t)k converging in the C
2-sense to a
path (Λt,∞)t∈[0,1], which is a geodesic between Λ0 and Λ1,∞. As the space of negative
semi-definite quadratic forms is a closed subset in the space of general quadratic
forms, the geodesic (Λt,∞)t∈[0,1] has negative semi-definite derivative. 
The proof of Proposition 3.18 below is based on the relation between geodesics
and imaginary special Lagrangian cylinders, as summarized in Section 2.5. In
addition, it relies on the following elementary observation concerning geodesics and
Jacobi fields with respect to arbitrary connections.
Lemma 3.17. Let M be a smooth finite-dimensional manifold equipped with an
affine connection. Let γ : [0, 1]→ M be a geodesic, and let J ∈ Γ ([0, 1], γ∗TM) be
a Jacobi field tangent to γ. That is, we have J = fγ̇ for some f : [0, 1]→ R. If we
have J(0) = 0 and J(1) = 0, then J is the trivial Jacobi field.
For Λ0 ∈ LG+(n), let T−Λ0LG
+(n) ⊂ TΛ0LG
+(n) denote the cone consisting of
negative definite quadratic forms.
Proposition 3.18. Let (Λt)t∈[0,1] be a geodesic segment in LG+(n) with negative
semi-definite derivative and Λ0 ∩ Λ1 = {0}. Then, there exist open neighborhoods
Λi ∈ Ui ⊂ LG+(n), i = 0, 1,
and a smooth map
Γ : [0, 1]× U0 × U1 → LG+(n),
such that for (u0, u1) ∈ U0 × U1 the path
t 7→ Γ(t, u0, u1)
is a geodesic from u0 to u1 and
Γ(t,Λ0,Λ1) = Λt, t ∈ [0, 1].
In particular, the space G(Λ0) is an open subset of m0(Λ0).
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Proof. It suffices to show that Λ1 is not a conjugate point of Λ0 along the geo-
desic (Λt)t. Thus, keeping in mind Lemma 3.13 (b), it suffices to prove the follow-
ing.
Claim: Let (Λt)t∈[0,1] be a geodesic with negative definite derivative, and let J =
(Jt)t∈[0,1] be a Jacobi field along (Λt)t satisfying
J0 = 0, J1 = 0.
Then we have Jt = 0 for t ∈ [0, 1].
In view of Lemma 3.17, it suffices to prove that, under the assumptions of the
above claim, the Jacobi field J is tangent to the geodesic (Λt)t. Let the two pa-
rameter family (Λt,s)(t,s)∈[0,1]×(−ε,ε) be a variation realizing the Jacobi field J. In






Λt,s = Jt, t ∈ [0, 1].





By assumption, diminishing ε if necessary, all quadratic forms ht,s are negative
definite and thus have regular level sets diffeomorphic to Sn−1. Recalling Defini-




be the cylinder of −1-level
sets associated to the geodesic (Λt,s)t. Abbreviate L = S
n−1 × [0, 1].
We construct a smooth map
Υ : L× (−ε, ε)→ Cn
such that for s ∈ (−ε, ε) the restricted map Υs := Υ|L×{s} is an immersion repre-
senting the cylinder Zs and adapted to its harmonics. The construction is carried
out as follows. Choose a linear parameterization Ψ0 : Rn → Λ0 and for s ∈ (−ε, ε),
let (Ψt,s)t∈[0,1] be the horizontal lifting of the geodesic (Λt,s)t with Ψ0,s = Ψ0. Let
hs := h0,s ◦Ψ0 : Rn → R
and let
Θ : Sn−1 × (−ε, ε)→ Rn
be a smooth map such that Θs = Θ|Sn−1×{s} carries the sphere Sn−1 × {s} diffeo-
morphically onto the level set (hs)−1(−1). Take
(15) Υ(p, t, s) := Ψt,s(Θs(p)).
By definition, Υs represents the cylinder of −1 level sets Zs. Proposition 2.30 (b)
asserts that Υs is adapted to the harmonics of Zs.






Υ(p, t, s), (p, t) ∈ Sn−1 × [0, 1] = L.
As all the cylinders Zs are Lagrangian, the 1-form τ := ivω ∈ Ω1(L) is closed.
For i = 0, 1, since Ji = 0, the vector v(q) is tangent to Λi for q ∈ Sn−1 × {i}. It
follows that the 1-form τ annihilates the boundary component Sn−1 × {i} ⊂ L.
By Lemma 2.26 the 1-form τ is exact. Let u ∈ C∞COB(L) be the unique function
satisfying
du = τ.
As the cylinders Zs are imaginary special Lagrangian, Lemma 2.27 (a) implies that
∆u = 0. Since Υ0 is adapted to the harmonics of Z0, Lemma 2.27 (b) implies that
u|Sn−1×{t} is constant for t ∈ [0, 1].
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For t ∈ [0, 1], the tangent vector Jt is a quadratic form on Λt. It follows from
equation (15) that Υ0 carries S
n−1 × {t} into Λt,0. By construction, for t ∈ [0, 1],
a point q ∈ Sn−1 × {t} and a tangent vector











Thus, for t ∈ [0, 1] the function Jt ◦ Υ0|Sn−1×{t} is constant. By the definition of
the cylinder of −1 level sets,
ht,0 ◦Υ0|Sn−1×{t} = −1.
Since Jt and ht,0 are both quadratic forms on Λt,0, and they share the level set
Υ0(S
n−1 × {t}), it follows that they agree up to a constant multiple possibly de-
pending on t. Thus, the Jacobi field J is tangent to the geodesic (Λt)t. The claim
follows. 
Proof of Theorem 1.5. Since m0(Λ0) is connected, the theorem follows from Corol-
lary 3.14, Proposition 3.16 and Proposition 3.18. 
Remark 3.19. Let (Λt)t∈[0,1] be a geodesic in LG+(n) with m(Λ0,Λ1) = 0. For
c < 0, the cylinder of c-level sets associated to (Λt)t coincides with one of the
special Lagrangian cylinders constructed by Lawlor [36, Prop. 9]. See also [19,
Ch. 7] and [27, Sec. 5]. Lawlor used these cylinders to prove the angle criterion,
which determines when the union of two n-planes in R2n is area minimizing. To
deduce the coincidence of the cylinders of c-level sets with the cylinders of Lawlor,
observe that both contain an ellipsoid in a Lagrangian linear subspace, which is a
real analytic isotropic submanifold of Cn of dimension n− 1, so they must coincide
by Theorem III.5.5 of [20].
In fact, one can deduce the result of [36, Prop. 9] from Theorem 1.5. The angle
criterion translates to the Maslov zero condition. Conversely, an alternative route
to the proof of Theorem 1.5 starts with the special Lagrangian cylinders of [36,
Prop. 9] and applies the inverse cylindrical transform. To apply the inverse cylin-
drical transform, one must analyze harmonic functions on the special Lagrangian
cylinders. We believe the independent proof of Theorem 1.5 given here is nonethe-
less valuable as a simple example of the positive Lagrangian geodesic equation
that can be solved explicitly and to provide a different perspective on the work
of [19, 27, 36]
4. Geodesics of Lagrangian cones
A smooth immersed Lagrangian cone in Cn is a cone-smooth Lagrangian sub-
manifold of Cn that can be represented by a cone-immersion (f : Rn → Cn, 0)
that is 1-homogeneous. Let LCO(n) denote the space of smooth immersed La-
grangian cones in Cn and LCO+(n) ⊂ LCO(n) the open subspace consisting of
positive Lagrangian cones. Then LCO+(n) is a smooth Fréchet manifold contain-
ing LG+(n). The goal of this section, accomplished in Proposition 4.9, is to show
that, under some assumptions, geodesics of positive Lagrangian cones are in fact
linear. The following description of the tangent bundle TLCO(n) is analogous to
that of Lemma 3.1.
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Lemma 4.1. For Λ ∈ LCO(n) there is a canonical isomorphism TΛLCO(n) ∼=
H(Λ), the space of cone-smooth degree-2 homogeneous functions on Λ.
The positive Lagrangian connection on LG+(n) extends naturally to LCO+(n).
Indeed, we have the following analog of Lemma 3.2.
Lemma 4.2. Let (Λt)t∈[0,1] be a smooth path in LCO+(n). Let (Ψ0 : Rn → Cn, 0)
be a cone-smooth 1-homogeneous immersion representing Λ0. Then Ψ0 extends
uniquely to a cone-smooth horizontal lifting, (Ψt : Rn → Cn, 0)t∈[0,1], of the path
(Λt)t. Moreover, the unique lifting (Ψt)t is 1-homogeneous.
This lemma enables us to parallel transport homogeneous functions along paths
in LCO+(n). Hence, the notion of geodesics in LCO+(n) makes sense. The following
lemma describes the relation between geodesics in LCO+(n) and special Lagrangian
cylinders. For the purposes of this work, we may restrict the discussion to geodesics
with linear endpoints. For a Lagrangian cone Λ and a homogeneous function h ∈
H(Λ), we say h is positive (negative) if we have h(p) > 0 (h(p) < 0) for p ∈ Λ \ {0}.





by rescaling [χ] 7→ [sχ], s ∈ R>0.
Lemma 4.3. Let Λ0,Λ1 ∈ LG+(n). Then the cylindrical transform gives a bijection
from geodesics in LCO+(n) between Λ0 and Λ1 with positive/negative derivative




consisting of imaginary special Lagrangian
cylinders nowhere tangent to the Euler vector field.
Proof. Let (Λt)t∈[0,1] be a geodesic in LCO+(n) with positive derivative, denoted by
(ht)t, between Λ0 and Λ1. As the homogeneous functions ht are positive, they admit
the regular value c for each c > 0. Moreover, the level set h−1(c) is diffeomorphic
to Sn−1. Let Z be the cylinder of c-level sets. By Proposition 2.30, the cylinder
Z is imaginary special Lagrangian with regular harmonics. By Lemma 2.35, the
cylinder Z is nowhere tangent to the Euler vector field. By the homogeneity of
(ht)t, the cylinders of c-level sets for different values of c are related by rescaling.




be a cylinder nowhere tangent to the
Euler vector field. Let χ : Sn−1 × [0, 1] → Cn be an immersion representing Z
adapted to the harmonics of Z. For s ∈ (0,∞), let
Zs := [sχ]
be the rescaling of Z by s. Let






Φ : Sn−1 × [0, 1]× [0,∞)→ Cn
by
Φ(p, t, s) = sχ(p, t).
Recalling Definition 2.36, since Z is nowhere tangent to the Euler vector field, it
follows that Φ is a regular parameterization of U about 0 ∈ Cn. So, Lemma 2.39
gives us a unique geodesic (Λt)t of positive Lagrangians from Λ0 to Λ1 with cylin-
drical transform U. By uniqueness, this geodesic must be invariant under rescaling
by s ∈ (0,∞), so it lies in LCO+(n). Let ht : Λt → R be given by ht = dΛtdt . By
definition of the cylindrical transform, the level sets of ht are spheres of the form
Φ(Sn−1 ×{t}× {s}) for s ∈ (0,∞), and in particular, compact. Hence, ht is either
positive or negative. 
The following definition is a simplified version of Definition 2.43 for the space of
geodesics in LCO+(n) with linear endpoints.





∣∣∣∣Λi ∈ LG+(n), i = 0, 1, Λ0 ∩ Λ1 = {0},Z ⊂ SLC(Λ0,Λ1) an R>0 orbit
}
.
We define the Ck,α topology on ZLG+(n) as follows. For
V ⊂ C∞(Sn−1 × [0, 1],Cn),




∣∣∣∣∃Z ∈ Z, ∃f : Sn−1 × [0, 1]→ Cn representing Zsuch that f ∈ V
}
.




(Λt)t∈[0,1] is a geodesic in LCO+(n)
with positive/negative derivative,
Λ0,Λ1 ∈ LG+(n), Λ0 ∩ Λ1 = {0}

denote the space of geodesics in LCO+(n) with linear endpoints intersecting transver-
sally. By Lemma 4.3, the cylindrical transform gives a bijection
GLG+(n) ' ZLG+(n).
So, the Ck,α topology on ZLG+(n) gives rise to a topology on GLG+(n), which we
also call the Ck,α topology.
The following setting will be referred to in Lemmas 4.7 and 4.8 below.
Setting 4.5. Let (Λ0,r)r∈[0,1] and (Λ1,r)r∈[0,1] be smooth paths in LG+(n) with
Λ0,r ∩ Λ1,r = {0}, r ∈ [0, 1].
Let (Λt,0)t∈[0,1] be a geodesic in LCO+(n) with negative derivative between Λ0,0
and Λ1,0.
Notation 4.6. In Setting 4.5, abbreviate L := Sn−1 × [0, 1]. Let




denote the cylinder of −1-level sets associated to (Λt,0)t. Recalling Lemma 2.25,
choose a Weinstein neighborhood (V, ψ) of Z0 compatible with Λ0,0 and Λ1,0, where
V ⊂ T ∗L and ψ : V → Cn with ψ|L = f. Let πL : T ∗L→ L denote the projection.
Let α ∈ (0, 1). For u ∈ C2,αCOB(L), let Graph(du) ⊂ T ∗L denote the graph. For u
small enough that Graph(du) ⊂ V, let ju : L→ Cn be given by





Let (ϕr : Cn → Cn)r∈[0,1] be a smooth Hamiltonian isotopy such that ϕr carries
Λ0,0 to Λ0,r and Λ1,0 to Λ1,r.
Lemma 4.7. In Setting 4.5, suppose the geodesic of positive Lagrangian cones
(Λt,0)t∈[0,1] extends to a family (Λt,r)(t,r)∈[0,1]×[0,ε) satisfying the following:
• For r ∈ [0, ε), the path (Λt,r)t∈[0,1] is a geodesic in LCO+(n) with negative
derivative between Λ0,r and Λ1,r.
• The geodesic (Λt,r)t∈[0,1] depends continuously on r with respect to the C1,α
topology on GLG+(n).
For r ∈ [0, ε) let Zr denote the cylinder of −1-level sets associated to the geodesic
(Λt,r)t∈[0,1]. Then, after possibly diminishing ε, for each r ∈ [0, ε), there exists a
unique function ur ∈ C∞(L; ∂L) such that Graph(du) ⊂ V and
ϕr ◦ jur : L→ Cn
represents the imaginary special Lagrangian cylinder Zr.
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Proof. Let (fr : L → Cn)r∈[0,ε) be a C1,α continuous family of smooth imaginary
special Lagrangian immersions representing Zr. After possibly shrinking ε, we claim
that
ϕ−1r ◦ fr(L) ⊂ ψ(V ).
Here, the set ψ(V ) is not open in Cn because V is a manifold with boundary.
Indeed, V is an open neighborhood of the zero section of T ∗L and L is a manifold
with boundary. Nonetheless, for i = 0, 1, we have ϕ−1r ◦ fr(Sn−1 × {i}) ⊂ Λi,0.
Moreover, ϕ−1r ◦ fr is close in the C1 topology to f0 and f0(L) ⊂ ψ(V ). So, the
claim follows.
For r ∈ [0, ε), let
κr = πL ◦ ψ−1 ◦ ϕ−1r ◦ fr : L→ L.
Since κ0 = idL, after possibly shrinking ε, we may assume that κr is a diffeomor-




r ◦ fr ◦ κ−1r .
We claim that for r ∈ [0, ε) we have ur ∈ C∞(L; ∂L). Indeed, let fs,r : L → Cn
be given by
fs,r(p) := sfr(p), s ∈ [0, 1], r ∈ [0, ε), p ∈ L.
Since for r ∈ [0, ε) the Hamiltonian of the geodesic (Λt,r)t is 2-homogeneous, it
follows that for s ∈ (0, 1],










Consider the two-parameter family of Lagrangian cylinders,
Z ′s,r := [ϕ
−1




, (s, r) ∈ (0, 1]× [0, ε).





= −1, r ∈ [0, ε).





= 0, r1 ∈ [0, ε).










It follows from the fundamental theorem of calculus that Ar = 0. Since u0 = 0, we
obtain ur ∈ C∞(L; ∂L) as desired. 
The following lemma is a simple variant of [48, Theorem 1.6].
Lemma 4.8. In Setting 4.5, there exists an ε > 0 such that the geodesic (Λt,0)t
extends to a smooth family (Λt,r)(t,r)∈[0,1]×[0,ε) such that for r ∈ [0, ε), the path
(Λt,r)t∈[0,1] is a geodesic in LCO+(n) with negative derivative between Λ0,r and
Λ1,r. Moreover, if (Λ
′
t,r)(t,r)∈[0,1]×[0,ε) is another such family of geodesics, but with
the dependence on r being a priori only continuous with respect to the C1,α topology
on GLG+(n), there exists ε
′ > 0 such that Λ′t,r = Λt,r for (t, r) ∈ [0, 1]× [0, ε′).
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Proof. Recall Notation 4.6. Let 0 ∈ W ⊂ C2,α(L; ∂L), be an open neighborhood
such that for u ∈ W we have Graph(du) ⊂ V. Define the differential operator
F :W × [0, 1]→ Cα(L), (u, r) 7→ ∗j∗uϕ∗r Re Ω.
Then F is smooth with F(0, 0) = 0 and F(u, r) = 0 if and only if the immersion
ϕr◦ju : L→ Cn is imaginary special Lagrangian. By Lemma 2.27, the linearization
of F at (0, 0) in the directions ofW is equal to the Riemannian Laplacian, which is
an isomorphism C2,α(L; ∂L)→ Cα(L). By the implicit function theorem, shrinking
W if necessary, for some ε > 0, there exists a smooth map k : [0, ε)→W such that,
for r ∈ [0, ε), the function k(r) is the unique element inW satisfying F(k(r), r) = 0.
By elliptic regularity (e.g. [15, Chapter 17]), all the functions k(r) are smooth. For





ε if necessary, the cylinders (Zr)r∈[0,ε) are nowhere tangent to the Euler vector field.
For r ∈ [0, ε), let (Λt,r)t∈[0,1] denote the geodesic associated to the cylinder Zr by
Lemma 4.3. Then (Λt,r)(t,r)∈[0,1]×[0,ε) is the desired family.
To prove the uniqueness claim, let ur ∈ C∞(L; ∂L), r ∈ [0, ε′), be the family of
functions associated Λ′t,r as in Lemma 4.7. Then F(ur, r) = 0, so by the uniqueness
of k(r), we have ur = k(r). 
Proposition 4.9. Let (Λ0,r)r∈[0,1] and (Λ1,r)r∈[0,1] be smooth paths in LG+(n) with
Λ0,r ∩ Λ1,r = {0}, r ∈ [0, 1]. Let (Λt,r)(t,r)∈[0,1]×[0,1] be a family in LCO+(n) such
that for r ∈ [0, 1] the path (Λt,r)t∈[0,1] is a geodesic with negative derivative between
Λ0,r and Λ1,r depending continuously on r with respect to the C
1,α topology on
GLG+(n). Suppose the initial geodesic (Λt,0)t lies in LG+(n). Then the entire given
family lies in LG+(n).
Proof. Let A ⊂ [0, 1] denote the set consisting of values of r such that the geodesic
(Λt,r)t lies in LG+(n). By assumption, A is non-empty. As LG+(n) ⊂ LCO+(n) is
a closed subset, A is closed in [0, 1]. By Lemma 3.13 (a) we have m(Λ0,0,Λ1,0) = 0,
and it follows that m(Λ0,r,Λ1,r) = 0 for r ∈ [0, 1]. By Proposition 3.18 and the
uniqueness part of Lemma 4.8, the set A is open in [0, 1]. 
5. Blowing up at a critical point of a geodesic
Throughout this section, let (X,ω, J,Ω) denote a Calabi-Yau manifold as in
Definition 2.2. We give a blowup procedure that is used to establish C1,1 regularity
of geodesics of positive Lagrangians in X.
5.1. Geodesic of tangent cones. The following lemma, needed for the proof
of Theorem 1.3, is the original observation behind this article. We make use of
Notation 2.21.
Lemma 5.1. Let (Λt)t∈[0,1] be a geodesic of positive Lagrangians in X with de-
rivative (ht)t. Suppose the endpoints Λ0 and Λ1 are smoothly embedded and let
q ∈ Crit((Λt)t). Then, the path (TCq̂tΛt)t∈[0,1] is a geodesic of positive Lagrangian








∇vdht(v), t ∈ [0, 1], v ∈ TCq̂tΛt.
Moreover, if (Ψt : L → X,S)t is a horizontal lifting of (Λt)t, and p ∈ L with
Ψt(p) = q, then the family of cone derivatives
(dΨt)p : TpL→ TqX, t ∈ [0, 1],
is a horizontal lifting of (TCq̂tΛt)t∈[0,1].
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Definition 5.2. In the situation of Lemma 5.1, we call (TCq̂tΛt)t∈[0,1] the geodesic
of tangent cones of (Λt)t at q.
The proof of Lemma 5.1 relies on the following elementary observation (compare
with [39, Lemma 2.1]).
Lemma 5.3. Let f : Rk × R → R be smooth with f(x, 0) = 0, x ∈ Rk. Then we













(x, 0), x ∈ Rk.
Proof of Lemma 5.1. Identify a neighborhood q ∈ U ⊂ X and a ball centered at
zero V ⊂ Cn via a Darboux parameterization
X : V → U
such that X(0) = q and X−1(Λ0) and X
−1(Λ1) are contained in real linear subspaces




For s > 0, define a one-parameter family, Ωs := s
−nM∗sX
∗Ω, of differential forms




where the convergence is in the C∞-sense on compact subsets. In fact, Ω0 is ob-
tained by extending the alternating multi-linear form (X∗Ω)0 on T0V0 to a constant
coefficient differential form on V0.
Choose a horizontal lifting (Ψt : L → X,S)t of the geodesic (Λt)t. Let p ∈ L
satisfy Ψt(p) = q. Let p ∈W ⊂ L be a neighborhood such that
Ψt(W ) ⊂ U, t ∈ [0, 1].
After perhaps shrinking W, identify W with a ball B ⊂ Rn centered at zero by a
diffeomorphism Y : B → W such that Y(0) = p. For s ≥ 0, let µs : Rn → Rn




For s > 0, define a family of Lagrangian cone-immersions




s ◦X−1 ◦Ψt ◦Y ◦ µs.
By Lemma 5.3, since
X−1 ◦Ψt ◦Y ◦ µ0(x) = 0, x ∈ B0,














Thus, identifying Cn,Rn, with their respective tangent spaces at zero, we have
(17) dX0(χ0,t(x)) = (dΨt)p(dY0(x)).
In particular,
dX0 ◦ χ0,t : Rn → TCq̂tΛt
is a cone smooth parameterization.
We proceed to compute the Hamiltonian ks,t of the family of Lagrangian cone-
immersions χs,t. Without loss of generality, we may assume that ht(q̂t) = 0. Since
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X is a symplectomorphism, and M−1s rescales the symplectic form by a factor of
s−2, it follows that ks,t is given by
ks,t ◦ χs,t = s−2ht ◦Ψt ◦Y ◦ µs, s > 0.
Remark 2.22 asserts that q̂t = [(Ψt, p)] is a critical point of ht, so Lemma 5.3 implies
that ks,t ◦ χs,t extends smoothly to s = 0. Moreover,













v = d(Ψt ◦Y)0(x) ∈ TCq̂tΛt.
Since (Ψt, S)t is a horizontal lifting of (Λt)t, it follows that (χs,t, 0)t is a horizontal
lifting of the path of cone-immersed Lagrangians ([(χs,t, 0)])t with respect to the
n-form Ωs for s > 0. By continuity, (χ0,t, 0)t is a horizontal lifting of the path of
cone-immersed Lagrangians ([(χ0,t, 0)])t with respect to the n-form Ω0. Since Λt
is a geodesic, (ks,t)t is constant in t and thus ([(χs,t, 0)])t is a geodesic for s ≥ 0.
Since (X∗Ω)0 = (Ω0)0, it follows that dX0 ◦χ0,t is a horizontal lifting of the path of
Lagrangian cones (TCq̂tΛt)t. Moreover, (TCq̂tΛt)t is a geodesic with Hamiltonian as
claimed. Finally, it follows from equation (17) that (dΨt)p : TpL→ TqX, t ∈ [0, 1],
is a horizontal lifting of (TCq̂tΛt)t∈[0,1]. 
5.2. Cylindrical transform commutes with blowup.
Lemma 5.4. Let Λ0,Λ1, be smoothly embedded positive Lagrangians in X that
intersect transversally at a point q of Maslov index 0. Let Z ⊂ SLC(Sn−1; Λ0,Λ1)
be a family of imaginary special Lagrangian cylinders converging regularly to q. Let





: Sn−1 × [0, 1]→ TqX
is an imaginary special Lagrangian immersion with respect to the induced Calabi-
Yau structure on TqX.
Proof. Identify a neighborhood q ∈ U ⊂ X and a ball centered at zero V ⊂ Cn via
a Darboux parameterization
X : V → U
such that X(0) = q and X−1(Λ0) and X
−1(Λ1) are contained in real linear subspaces




For s > 0, define a one-parameter family, Ωs := s
−nM∗sX
∗Ω, of differential forms




where the convergence is in the C∞-sense on compact subsets. In fact, Ω0 is ob-
tained by extending the alternating multi-linear form (X∗Ω)0 on T0V0 to a constant
coefficient differential form on V0.
Choose δ > 0 small enough that Φ(p, t, s) ∈ U for all (p, t) ∈ Sn−1 × [0, 1] and
s < δ. By Lemma 5.3, since Φ(t, p, 0) = q for all (t, p) ∈ Sn−1 × [0, 1], we have
X−1 ◦ Φ(p, t, s) = s ·Ψ(p, t, s), (p, t, s) ∈ Sn−1 × [0, 1]× [0, δ),
where Ψ : Sn−1 × [0, 1]× [0, δ)→ Cn is smooth with
Ψ(p, t, 0) =
∂(X−1 ◦ Φ)
∂s
(p, t, 0), (p, t) ∈ Sn−1 × [0, 1].
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For s ∈ [0, δ), write
Ψs := Ψ|Sn−1×[0,1]×{s}.
For s ∈ (0, δ), the map Ψs is an immersion representing an Ωs-imaginary special
Lagrangian cylinder. As Φ is regular, it follows from Definition 2.36 (2) that the












is an imaginary special Lagrangian immersion with respect to the induced Calabi-
Yau structure on TqX. 








: Sn−1 × [0, 1]→ TqX
]
,
and let Zq denote the R>0 orbit of ZqΦ in SLC(Sn−1;TqΛ0, TqΛ1). We call Zq the
tangent family of Z at q. One verifies that Zq is independent of Φ. By Defini-
tion 2.36 (2) the cylinders in Zq are nowhere tangent to the Euler vector field.
In the following, we use Notation 2.21.
Lemma 5.6. Let (Λt)t∈[0,1] be a geodesic of positive Lagrangians in X with de-
rivative (ht)t. Suppose the endpoints Λ0 and Λ1 are smoothly embedded and let
q ∈ Crit((Λt)t) be a transverse intersection point of Λ0 and Λ1. Moreover, for
t ∈ [0, 1] assume q̂t is an absolute minimum or maximum of ht. Let Z denote
the cylindrical transform of (Λt)t, which converges regularly to q by Lemma 2.41.
Then, the tangent family Zq ⊂ SLC(Sn−1;TqΛ0, TqΛ1) coincides with the cylindri-
cal transform of the geodesic of tangent cones (TCq̂tΛt)t.
Proof. By definition, the tangent family Zq is an R>0 orbit in the space of imagi-
nary special Lagrangian cylinders SLC(Sn−1;TqΛ0, TqΛ1). By Lemma 4.3, so is the
cylindrical transform of the geodesic of tangent cones (TCq̂tΛt)t. Thus, to prove
the lemma, it suffices to show that the two orbits share a common point.
Recall Setting 2.40 and let σ : P+(TpL) ∼= Sn−1 → TpL \ {0} be the section
associated with κ. By Lemma 2.41 the map
Φ : Sn−1 × [0, 1]× [0, ε)→ X, (c, t, s) 7→ Ψt(κ(c, s)),










= (dΨt)p (σ(c)) .






denote the Hamiltonian of the geodesic of tangent cones and let hT = hTt ◦(dΨt)p de-
note the Hamiltonian with respect to the horizontal lifting ((dΨt)p)t. By Lemma 5.1
we have
(19) hT (v) =
1
2
∇vdh(v), v ∈ TpL.
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Thus, since h ◦ κ(c, s) is independent of c, also a := ∇σ(c)dh(σ(c)) is independent
of c. So, it follows from equation (19) that σ parameterizes the a2 level set of h
T .
By equation (18), the cylinder ZqΦ from Definition 5.5 coincides with the cylinder
of a2 level sets associated to (TCq̂tΛt)t as desired. 
5.3. C1,1 regularity from blowing up. The following lemmas are used in the
proof of Theorem 1.3 as well as Theorem 1.1 (b).
Lemma 5.7. Let Θ be a compact manifold with corners and let ((ft : M →
N,S))t∈Θ be a cone smooth family of maps. Let p ∈ S such that the cone-derivative
(dft)p is linear for all t. Then, ft : M → N is C1,1 in a neighborhood of p uniformly
in t.
Proof. It suffices to prove the lemma when N = R. It follows from the definition of
the cone derivative that ft is differentiable at p and its ordinary derivative coincides
with its cone derivative. After subtracting a smooth family of functions, we may
assume that (dft)p = 0.
Recall Definition 2.9. We think of the blowup differential d̃f t as a section of
the dual of the blowup tangent bundle T̃M
∗
S . It follows from equation (3) that
(d̃ft)p̃ vanishes for all p̃ ∈ Ep. Choose an open neighborhood Ep ⊂ U ⊂ M̃S and a
diffeomorphism χ : Sn−1 × [0, ε) → U. Let s : U → R be given by the composition
of χ−1 and the projection to [0, ε). By Lemma 5.3, there exists a smooth family of
sections ξt of T̃M
∗
S |U such that d̃ft = sξt. Let d : M ×M → R denote the distance
function of a smooth Riemannian metric on M and let δ : M̃S × M̃S → R denote
the distance function of a smooth Riemannian metric on M̃S . Then, there exists a
constant C > 0 such that for
x̃, ỹ ∈ U, x = π(x̃), y = π(ỹ),
we have
min(s(x̃), s(ỹ))δ(x̃, ỹ) ≤ Cd(x, y), |s(x̃)− s(ỹ)| ≤ Cd(x, y).
Choose a local trivialization of T ∗M near p and pull it back to obtain a local trivi-
alization of T̃M
∗
S near Ep. Working in these trivializations, and assuming without
















≤ C |ξt(x̃)− ξt(ỹ)|
δ(x̃, ỹ)
+ C|ξt(ỹ)|,
which is uniformly bounded because ξt is a smooth family. 
Lemma 5.8. Let (Λt)t∈[0,1] be a geodesic of positive Lagrangians in X with de-
rivative (ht)t. Suppose the endpoints Λ0 and Λ1 are smoothly embedded and let
q ∈ Crit((Λt)t). If the tangent cones TCq̂tΛt are linear for t ∈ [0, 1], then the
geodesic (Λt)t is of regularity C
1,1 in a neighborhood of q.
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Proof. Let (Ψt : S
n → X,S)t∈[0,1] be a horizontal lifting of the geodesic Λt with
Ψ0 smooth and let p ∈ S such that Ψt(p) = q. By Lemma 5.1, the family of cone
derivatives (dΨt)p : TpS
n → TqX is a horizontal lifting of the geodesic of Lagrangian
linear subspaces TCq̂tΛt ⊂ TqX. Since Ψ0 is smooth, the cone derivative (dΨ0)p is
linear, so by Lemma 3.2 the cone derivative (dΨt)p is linear for t ∈ [0, 1]. Thus, by
Lemma 5.7, the cone immersions (Ψt : S
n → X,S) are C1,1 in a neighborhood of p
uniformly in t. Furthermore, the time derivative ∂Ψt∂t exists by definition of a cone
smooth family.
Next, we claim that the differential (dΨt)x is C
0,1 as a function of t uniformly
in x ∈ Sn in a neighborhood of p. Indeed, the blowup derivative (d̃Ψt)x̃ depends
smoothly on t and x̃. So, it is C0,1 in t uniformly in x̃. On the other hand, for x̃
such that π(x̃) = x, we have
(d̃Ψt)x̃ = (dΨt)x.
Finally, we show the partial derivative ∂Ψt∂t is C
0,1 in a neighborhood of p. Indeed,
since q̂t is a critical point of ht, Lemma 5.7 implies that ht is C
1,1. So, dht is C
0,1.
Write
h = ht ◦Ψt,
for the Hamiltonian associated to the horizontal lifting (Ψt)t, which is independent
of t because (Λt)t is a geodesic. The Hamiltonian h is C
1,1 as the composition of
C1,1 maps. Recall that








denotes the Lagrangian angle, and write









Write ∇t for the gradient with respect to the pull-back metric Ψ∗t g. Let
J t : TL→ Ψ∗tTX
denote the bundle map given by
J t(ξ) = J ◦ dΨt(ξ).
Since dΨt is C
0,1 jointly in space and time, it follows that the families Ψ∗t g, θ̃Λt and
J t, are C0,1 jointly in space and time. By [44, Remark 5.6] we have for x ∈ Sn,
∂Ψt
∂t
(x) = −J∇ht(Ψt(x))− tan θΛt(Ψt(x))∇ht(Ψt(x))
= −J t∇th(x)− tan θ̃Λt(x)∇th(x),
so ∂Ψt∂t (x) is C
0,1 as desired.
It follows that Ψt is C
1,1 as a map Sn × [0, 1] → X and the geodesic (Λt)t is
C1,1 as claimed. 
Proof of Theorem 1.3. Theorem 1.3 is the same as Theorem 1.6 of [48] with the
exception of the assumption that (Λt)t is C
1 and the claim that for Λ ∈ Y the
geodesic from Λ0 to Λ is of regularity C
1,1. Possibly shrinking Y, we may assume
that all Λ ∈ Y intersect Λ0 transversally at exactly two points. After possibly
replacing Y with its connected component containing Λ1, we may assume that Y
is connected. For Λ ∈ Y, consider a smooth path (Λ1,r)r∈[0,1] with Λ1,0 = Λ1 and
Λ1,1 = Λ. For r ∈ [0, 1] let (Λt,r)t∈[0,1] be the unique geodesic in X from Λ0 to Λ1,r.
We prove that (Λt,r)t∈[0,1] is of regularity C
1,1.
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Recalling Remark 2.22 and Notation 2.21, let q̂r,t be the point of Λt,r where ht,r
attains its maximum and let
qr := im q̂r,t ∈ Crit((Λt,r)t).
By Lemma 2.23, the point q̂r,t is a non-degenerate critical point of ht,r. Thus, for
0 6= v ∈ TCq̂r,tΛt,r we have
(20) ∇vdht,r(v) < 0.
Let
(ϕr : Cn → TqrX)r∈[0,1]
be a smooth family of symplectic complex-linear isomorphisms such that for r ∈
[0, 1] we have
ϕ∗rΩ = ρ(qr)Ω0,





By Lemma 5.1 and inequality (20), for r ∈ [0, 1] the path (Ct,r)t∈[0,1] is a geodesic
in LCO+(n) with negative derivative. By definition of the strong C1,α topology on
GO, the geodesic (Ct,r)t∈[0,1] depends continuously on r with respect to the C
1,α
topology on GLG+(n). By assumption, the geodesic (Ct,0)t is linear. By Proposi-
tion 4.9, all the cones Ct,r are in fact linear subspaces, and so are the tangent cones
TCq̂r,tΛt,r. Similarly, when q̂r,t is the point of Λt,r where ht,r attains its minimum,
the tangent cones TCq̂r,tΛt,r are linear. So, by Lemma 5.8 the geodesic Λt,r is of
regularity C1,1. 
6. Geodesics of small open Lagrangians
In this section we show how to integrate geodesics of positive Lagrangian cones
to construct geodesics of small open positive Lagrangians. The section culminates
with the proof of Theorem 1.1. In the following we use Notation 2.21.
Lemma 6.1. Let (X,ω, J,Ω) be Calabi-Yau, and let Λ0,Λ1 ⊂ X be smoothly em-
bedded positive Lagrangians intersecting transversally at a point q. Let (Ct)t∈[0,1]
be a geodesic of positive Lagrangian cones with positive/negative derivative in TqX
such that Ci = TqΛi for i = 0, 1.





verging regularly to q with tangent family the cylindrical transform of (Ct)t.
This family is unique up to reparameterization.
(b) There exist open neighborhoods, q ∈ Ui ⊂ Λi, i = 0, 1, which are con-
nected by a geodesic (Ut)t∈[0,1] of open positive Lagrangians with tangent
cones TCq̂tUt = Ct. Given Ui, i = 0, 1, such a geodesic is unique up to
reparameterization.
Proof. Identify a neighborhood q ∈ U ⊂ X and a ball centered at zero V ⊂ Cn via
a Darboux parameterization
X : V → U
such that X(0) = q and X−1(Λ0) and X
−1(Λ1) are contained in real linear subspaces









∗J, Ωs := s
−nM∗sX
∗Ω.
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where the convergence is in the C∞-sense on compact subsets. In fact, J0 is obtained
by extending the linear complex structure (X∗J)0 on T0V0 to a constant coefficient
complex structure on V0. Similarly, Ω0 is obtained by extending the alternating
multi-linear form (X∗Ω)0 on T0V0 to a constant coefficient differential form on V0.
Let ω0 denote the standard symplectic form on V0 = Cn. After possibly rescaling
Ω0 by a positive constant, the quadruple (V0, ω0, J0,Ω0) is a Calabi-Yau manifold
isomorphic to Cn with the standard structure. Let g0 denote the corresponding
Kähler metric. The derivative of the Darboux chart gives an isomorphism dX :
V0 ' T0V0 → TqX respecting the Calabi-Yau structure (ω0, J0,Ω0) and the induced
Calabi-Yau structure on the tangent space TqX. So,
Λ̂t := (dX)
−1(Ct), t ∈ [0, 1],
is an Ω0-geodesic of positive Lagrangian cones from Λ̂0 to Λ̂1 with positive/negative





. Abbreviate L = Sn−1 × [0, 1]. Let
Ẑ0 = [f : L→ V ] ∈ SLC(Sn−1; Λ̂0, Λ̂1)





by Lemma 4.3. In
particular, Ẑ0 is nowhere tangent to the Euler vector field. Recalling Lemma 2.25,
choose a Weinstein neighborhood (W,ψ) of Ẑ0 compatible with Λ̂0 and Λ̂1, where
W ⊂ T ∗L and ψ : W → V with ψ|L = f. Let πL : T ∗L→ L denote the projection.
Let α ∈ (0, 1). For u ∈ C2,αCOB(L), let Graph(du) ⊂ T ∗L denote the graph. Let
0 ∈ W ⊂ C2,α(L; ∂L) be an open neighborhood such that for u ∈ W we have
Graph(du) ⊂W. For u ∈ W, let ju : L→ V be given by





Define a differential operator
F :W × [0, 1)→ Cα (L) , (u, s) 7→ ∗j∗u Re Ωs,
where ∗ denotes the Hodge star operator of the metric f∗g0. Since Ẑ0 is imagi-
nary special Lagrangian, we have F(0, 0) = 0. The operator F is smooth and by
Lemma 2.27, the linearization in the directions of W is equal to the Riemannian
Laplacian,
dF(0,0)(u, 0) = ∆u, u ∈ C2,α (L; ∂L) ,
which is an isomorphism C2,α (L; ∂L)→ Cα (L) . By the implicit function theorem,
for some ε > 0 and shrinking W if necessary, there exists a smooth map
k : [0, ε)→W
such that for s ∈ [0, ε), the function k(s) is the unique element of W satisfying
F(k(s), s) = 0. By elliptic-regularity (e.g. [15, Chapter 17]), k is in fact a smooth
map [0, ε) → C∞ (L; ∂L) . The cylinder Ẑs := [jk(s) : L → V ] is Ωs-imaginary
special Lagrangian for s ∈ [0, ε).
The one-parameter family of cylinders of part (a) is given by
Zs := [X ◦Ms ◦ jk(s) : L→ X], s ∈ (0, ε).
Indeed, all the cylinders Zs are imaginary special Lagrangian with respect to the
Calabi-Yau form Ω, so it remains to show the regularity of the family (Zs)s about
q. Define a map
Φ : Sn−1 × [0, 1]× [0, ε)→ X, (p, t, s) 7→ X ◦Ms ◦ jk(s)(p, t).
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We proceed to verify that Φ is a regular parameterization of (Zs)s about q. By con-
struction, Φs := Φ|Sn−1×[0,1]×{s} parameterizes Zs for s ∈ (0, ε), so Φ|Sn−1×[0,1]×(0,ε)
satisfies condition (1)(b) of Definition 2.36. Condition (2)(a) is satisfied because






= dX0 ◦ f.
So, Φ satisfies conditions (2)(c) and (2)(d) of Definition 2.36. So, by Lemma 2.37,
possibly after diminishing ε, the map Φ is a regular parameterization of (Zs)s
about q. Recalling Definition 5.5, it also follows from equation (21) that the tangent
family of (Zs)s is the cylindrical transform of (Ct)t.





family converging regularly to q with tangent family the cylindrical transform of
(Ct)t. We show that after reparameterization in s and possibly shrinking ε, ε
′, the
families (Ys)s and (Zs)s coincide. Indeed, let Φ
′ : Sn−1 × [0, 1] × [0, ε′) → X be a
regular parameterization of (Ys)s about q. Since the tangent families of (Zs)s and
(Ys)s both coincide with the cylindrical transform of (Ct)t, after possibly reparam-
eterizing (Ys)s and composing Φ
′ with a diffeomorphism of Sn−1 × [0, 1] × [0, ε′),












Possibly shrinking ε′, we may assume that Ys is contained in U for s ∈ (0, ε′). For
ρ : [0, ε′′)→ [0, ε′) a diffeomorphism with dρds (0) = 1, define l
ρ
s : L→ Vs by
lρs(p, t) := M
−1
s ◦X−1 ◦ Φ′(p, t, ρ−1(s)).
By Lemma 5.3, equation (21) and equation (22), the family lρs extends smoothly to
s = 0, with
(23) lρ0 = f0.
Possibly after composing Φ′ with a diffeomorphism of Sn−1× [0, 1]× [0, ε′), for s ∈
[0, ε′′) there exists uρs ∈ C∞COB(L) such that lρs = juρs . It follows from equation (23)
that uρ0 = 0.
We claim that for an appropriate choice of ρ, we have uρs ∈ C∞(L; ∂L). Indeed,
for r ∈ [0, 1] and s ∈ [0, ε′′), define lρr,s : L→ V by




Ŷ ρr,s := [l
ρ
r,s : L→ V ] ∈ LC(Sn−1; Λ̂0, Λ̂1).
For s ∈ [0, ε′), let



















it follows that F ρρ(s) is constant in s, and thus F
ρ
s is also constant in s. Since l
ρ
0,s = 0







= 0, s1 ∈ [0, ε′′).
40 J. SOLOMON AND A. YUVAL






≡ As. By Defini-











It follows from the fundamental theorem of calculus that As = 0 for s ∈ [0, ε′′).
Since uρ0 = 0, we obtain ur ∈ C∞(L; ∂L) as desired.
By construction, the cylinder
Ŷ ρs := [l
ρ
s : L→ Vs]
is Ωs-imaginary special Lagrangian. So, F(uρs , s) = 0 and by the uniqueness of k(s),
it follows that uρs = k(s). It follows that Yρ−1(s) = Zs. Thus, we have established
part (a) of the lemma.
We construct the geodesic (Ut)t of open positive Lagrangians of part (b) by
combining Lemma 2.39 and part (a). The tangent cones TCq̂tUt coincide with Ct
by Lemma 5.6. The uniqueness claim follows from Lemma 5.6, the uniqueness claim
of Lemma 2.39 and the uniqueness claim of part (a).

Proof of Theorem 1.1. By Theorem 1.5 there exists a geodesic of Lagrangian linear
subspaces (λt)t∈[0,1] ⊂ TqX with λi = TqΛi for i = 0, 1. Applying Lemma 6.1 with
Ct = λt, we obtain a regular family of cylinders as in part (a) of the theorem and
a geodesic of open positive Lagrangians (Ut)t as in part (b) of the theorem. Since
TCq̂tUt = λt is linear, it follows from Lemma 5.8 that (Ut)t has regularity C
1,1. 
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